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Abstract For any positive integer n, the famous pseudo Smarandache function Z(n) 
1 
is defined as the smallest positive integer m such that n jokey, That is, Z(n) = 


ee n €N}. The Smarandache reciprocal function S.(n) is defined as 


mingm: n| 
S-(n) = max{m: y|n! for alll <y<m, and m+1f nl}. That is, S.(n) is the largest 
positive integer m such that y | n! for all integers 1 < y < _m. The main purpose of this paper 
is to study the solvability of some equations involving the pseudo Smarandache function Z(n) 


and the Smarandache reciprocal function S.(n), and propose some interesting conjectures. 


Keywords The pseudo Smarandache function, the Smarandache reciprocal function, the d- 


ual function, equation, positive integer solutions, conjecture. 


§1. Introduction and results 


For any positive integer n, the famous pseudo Smarandache function Z(n) is defined as 

1 
the smallest positive integer m such that n pele That is, 
m(m + 1) 


2(n) = min fm: n| 


, ne x} ‘ 
m(m + 1) 
2 
denotes the set of all positive integers. From the definition of Z(n) we can find that the first 
few values of Z(n) are: Z(1) = 1, Z(2) = 3, Z(3) = 2, 7(4) =7, Z(5) = 4, Z7(6) = 3, Z(7) =6, 
Z(8) = 15, Z(9) = 8, Z(10) = 4, Z(11) = 10, Z(12) = 8, Z7(13) = 12, Z(14) = 7, Z(15) =5, 
Z(16) = 31, ------ . About the elementary properties of Z(n), many authors had studied it, 
and obtained some interesting results, see references [1], [2], [3], [4], [5] and [6]. For example, 

the first author [6] studied the solvability of the equations: 


Its dual function Z*(n) is defined as Z*(n) = max fm: |n, meéN >, where N 


Z(n) = S(n) and Z(n)+1= S(n), 


and obtained their all positive integer solutions, where Sn) is the Smarandache function. 
On the other hand, in reference [7], A.Murthy introduced another function S,(n), which 
called the Smarandache reciprocal function. It is defined as the largest positive integer m such 
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that y | n! for all integers 1 < y < m. That is, S.(n) = max{m: y | n! foralll <y< 
m, and m+17n!}. For example, the first few values of S.(m) are: 


S,(1) =1, S.(2) =2, S-(3) =3, S.(4)=4, $5) =6, S.(6) =6, S,(7) = 10, 
=10, S,(9) =10, S.(10) =10, $,(11) =12, S,(12) = 12, $,(13) = 16, 
14) = 16, S5(15) = 16, S.(16) = 16, S.(17) = 18, S,(18) =18, ------ , 


A.Murthy [7], Ding Liping [8] and Ren Zhibin [9] also studied the elementary properties of 
S-(n), and obtained some interesting conclusions, one of them is that if S.(n) = « and n ¥ 3, 
then «+ 1 is the smallest prime greater than n. 

The main purpose of this paper is to study the solvability of some equations related to the 
Smarandache function, and propose some interesting problems. That is, we have the following: 

Unsolved problem 1. Whether there exist infinite positive integers n such that the 


equation 
S-(n) + Z(n) = 2n. (1) 
Unsolved problem 2. Find all positive integer solutions of the equation 


S.(n) = Z*(n) +n. (2) 


§2. Some results on these unsolved problems 


In this section, we shall give some new progress on these unsolved problems. First for the 
problem 1, it is clear that n = 1 satisfy the equation (1). n = 3 does not satisfy the equation (1). 
If p> 5 and p®* + 2 are two odd primes, then n = p® satisfy the equation (1). In fact this time, 
we have Z (p*) = p*—1, S. (p*) = p*+1. Therefore, S. (p%) + Z (p*) = p*+14+p%—1 = 2-p*. 
So n = p® satisfy the equation (1). For example, n = 1, 5, 11, 17, 29 and 41 are six solutions of 
the equation (1). We think that the equation (1) has infinite positive integer solutions. Even 
more, we have the following: 


Conjecture 1. For any positive integer n, the equation 
S-(n) + Z(n) = 2n 


holds if and only if n = 1, 3% and p?°+!, where a > 2 be any integer such that 3° + 2 be a 
prime, p > 5 be any prime, 3 > 0 be any integer such that p?°+! + 2 be a prime. 

For the problem 2, it is clear that n = 3 does not satisfy the equation (2). If p > 5 
be a prime, n = p?°*" such that n+ 2 be a prime, then S,(n) = n+1, Z*(n) = 1, so 
S.(n) = Z*(n)+n. Therefore, n = p?°*! satisfy the equation (2). Besides these, whether there 
exist any other positive integer n satisfying the equation (2) is an open problem. We believe 
that the following conjecture is true. 


Conjecture 2. For any positive integer n, the equation 


S-(n) = Z*(n) +n 
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In our conjectures, if prime p > 5, then p?° + 2 can be divided by 3. So if p* +2 be a 
prime, then a@ must be an odd number. 

From our conjectures we also know that there exists close relationship between the solutions 
of the equations (1), (2) and the twin primes. So we think that the above unsolved problems 
are very interesting and important. 
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On the additive k-power complements 
Yanchun Guo 


Department of Mathematics, Xianyang Normal University, 
Xianyang, Shaanxi, P.R.China 


Abstract For any positive integer n, let by, (n) denotes the additive k-power complements 
of n. That is, by (n) denotes the smallest non-negative integer m such that n+ is a perfect 
k-power. The main purpose of this paper is using the elementary method to study the mean 
value properties of 2 (n+ be (n)), and give a sharper asymptotic formula for it, where Q (n) 


denotes the number of all prime divisors of n. 


Keywords Additive k-power complements, function of prime divisors, asymptotic formula. 


81. Introduction and result 


For any positive integer n > 2, let az (n) denotes the k-power complement sequence. That 
is, ax (nm) denotes the smallest integer such that naz (n) is a perfect k-power. In problem 29 
of reference [1], Professor F. Smarandache asked us to study the properties of this sequence. 
About this problem, many people had studied it, and obtained a series results. For example, 
Yao Weili [2] studied the mean value properties of d(n- a, (m)), and proved that for any real 


number x > 1, we have the asymptotic formula 


S> d (nay (n)) = 2 (Agin’ e+ Aint 2 +--+ + Ayaine + Ag) +0(a24**), 


n<u 


where d(n) is the Dirichlet divisor function, Ao, Ai, ---, Ax are computable constants, ¢€ 
denotes any fixed positive number. 

Similarly, we define the additive k-power complements as follows: for any positive inte- 
ger n, bj, (n) denotes the smallest non-negative integer such that n+ b;, (n) is a perfect k-power. 
About the elementary properties of b, (n), some scholars have studied it, and got some useful 
results. For example, Xu Zhefeng [3] studied the mean value properties of b; (n) and d (bx (n)), 
and obtained two interesting asymptotic formulas. That is, for any real number x > 3, we have 


the asymptotic formulas 


do be (2) = wot +0 (2?) 


n<ux 


So d (bk (n)) = (1- ;) eine + (27 +mk-247)0+0(c#ina), 


n<u 


where ¥ is the Euler constant. 


Vol. 4 On the additive k-power complements 5 


In this paper, we use the elementary and analytic methods to study the mean value prop- 
erties of (n+ bx (n)), and give a sharper asymptotic formula for it, where 1. (n) denotes the 
number of all prime divisors of n, i.e., Q(n) = a1 +ag+---+a,, ifn = plpS? ---p% be the 
factorization of n into prime powers. That is, we shall prove the following: 


Theorem. For any real number x > 2, we have the asymptotic formula 


a 
Q b = ka l|n1 k(A-1 — 
» (n + by (n)) = kx InInz + k( nk)e+O(—), 


1 1 

where A = y+ S- (1m (1 - -) + =) be a constant, », denotes the summation over all 
Pp Bot Pp 

primes, and ¥y be the Euler constant. 


§2. Proof of the theorem 


In this section, we shall complete the proof of our theorem. First we need a simple Lemma 
which we state as follows: 


Lemma. For any real number x > 1, we have the asymptotic 


S > Q(n) =zInng + Av+0(~), 


n<ax 


where A= y+ >> (In (1 — 1) + >), be the Euler constant. 
p 


Proof. See reference [4]. 
Now we use above Lemma to complete the proof of our theorem. For any real number x > 2, 
let M be a fixed positive integer such that 
M' <a<(M+1)*. 


Then from the definition of IM we have the estimate 


M=2* +O(1). (1) 


For any prime p and positive integer a, note that 0 (p%) = ap and 


k 
(2+ 1)¥ =S> Ch. ak. 
1=0 
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Then from the definition of by, (nm) and (1) we have 


S72 (n + by (n)) = S- S- Q(n + by (n)) | + y Q (n+ bg (n)) 
n<x 1<t<M-1 \tk<n<(t+1)* MP <nga 
- » YS a2(it+y*)] +o YS 2((v+1)') 
1<t<M-1 \tk<en<(t+1)* Mr <n<(M+1)* 
= >> k(Ch +02? +...41) 06440 (eet) 
1<t<M-1 
= > (41) t9¢4+1) +0 (oe) 
1<t<M-1 
=k S” tt) +0 (er) (2) 
1<t<M 


where we have used the estimate Q(n) < n°. 
Let A(x) = > O(n), then by Able’s identity (see Theorem 4.2 of reference [5]) and the 


nxn 
above Lemma we can easily deduce that 


+" eo = uaa foe (t*-1)' dt +0 (1) 


1<t<M 


M 
_ k-1 | 
=M (arininat AM+0O (7) 


-[ («nine + At+O (=) (k—1)¢* 7dt+ O(1) 


; ; M* M 
= MF innM+AM*+0 | ((k—1)t*"' InInt + (k —1) At*)dt 
In M 2 
= M* inn + Am*—2=* (M*IninM + AM*) +0 cus 
k In M 
oe Pe eer ME 
= 7M InlnM + ZAM +0 (7) : (3) 
Note that 
t<e- WM ei eiy wa Ow 4m 4 tiee (4) 
and 
Ink +InInM <InIng <Ink+Inin(M +1) <Ink+ Inn M+0 («-*) (5) 
From (3), (4) and (5) we have 
1 1 x 
k-1 ee ee = et 
#710) = famine + 7 (A Ink)x+O(——). (6) 


1<t<M 


Combining (2) and (6) we may immediately deduce the asymptotic formula 


S~ 2(n+ de (n)) = ke nna + k(A- Ink) J o( “ ). 


Inz 


nkx 


This completes the proof of Theorem. 
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The generalization of sequence of numbers 
with alternate common differences 


Xiong Zhang, Yilin Zhang and Jianjie Ding 


Shaanxi Institute of education, Xi’an 710061, China 


Abstract In this paper, as generalizations of the number sequences with alternate common 
differences, two types of special sequence of numbers are discussed. One is the periodic 
sequences of numbers with two common differences; and the other is the periodic sequence of 
numbers with two common ratios. The formulus of the general term a, and the sum of the 


first n term S, are given respectively. 
Keywords Sequence of numbers with alternate common differences, periodic number sequ- 


ence with two common differences, periodic number sequence of numbers with two common 


ratios, general term @,,, the sum of the first n terms S;,. 


81. Introduction 


In the paper|1], we have the definition like this: A sequence of numbers {a,} is called a 
sequence of numbers with alternate common differences if the following conditions are satisfied: 

(i) Vk € N, aon — G2p—1 = di; 

(ii) Vk © N, dop41 — Gox = dz here d,(d2) is called the first(the second)common difference 
of {a,}. 

We also give the formulas of the general term a,, and the sum of the first n terms S,. In 


this paper, we’ll discuss the generalization of sequence of numbers with alternate. 


§2. Periodic number sequence two common differences 


Definition 1.1. A sequence of numbers {a,,} is called a periodic number sequence two 
common differences if the following conditions are satisfied: 

(i) Vk = 0,1,2,--+ Qge+1, Okt+2, @ke+3,°** »@kepe iS a finite arithmetic progression with d, 
as the common difference,where ¢ is a constant natural numbers; 

(ii) Vk = 0,1, 2,---@ce4ayt4i = @(n41)t + de. 

We call the finite arithmetic progression “dgi41, Qkt+2,@Kt43,'°* > Gere” the (k + 1)th 
period of {an} and “ace41),@(k41)t41 the (k+1)th interval of {a,}; di, is named the common 
difference inside the periods and dz is called the interval common difference, ¢t is called the 


, 
number sequence {a,,} s period. 
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In this section, {a,,} denotes a periodic sequence of numbers with two common differences 


d, and dp. It’s easy to get that{a,} has the following form: 


1,01 + dy, a1 + 2dy,+++ ,a1 + ((—1)d); a) + ((—1)d) + do, a1 + td; + do, 
ay + (t+ 1)d, + do,--- a, 4 (2t 2)dy + do; a4 (2t 2)dy t 2d2, a1 + (2t — 1)d; + 2do, 
a, + 2td; + 2do,--- ,a1 + (3t — 3)d, + da,--- : (1) 


Particularly, when t = 2,{a,} becomes a sequence of numbers with alternate common 
differences d, and dz; so the concept of a periodic number sequence with two common differences 
is a generalization of the concept of a number sequence with alternate common differences. 


Theorem 1.1. The formula of the general term of (1) is 


Qn =a, +(n—-1 [Da bar 


Proof. 


An, = a, +(n—1)d, + (do — di)k 
=a, + kdz + [(n—1) — k]dy 


= PS] a+ en 1 >=). 


t 


n—-1l 
Here, & means the number of intervals, it can be proved easily that k = [| , 


Theorem 1.2. {a,,} is a periodic number sequence with two common differences d; and 


dg, the sum of the first n terms of {a,,}S,, is: 


me ee fF] a and i) Diss 
(e| (-Yat|[F] da)(n Jo+ i ole [2] t-1) " 


n 
Particularly, when t|n, suppose a k, then 


t(t—1 k(k-1 
Sn = nay ED 52 gy EY 


Proof. Let Mi.) be the sum of the ¢ terms of the (k + 1)th period. 
Then 


t(t —1) 
2 


= tla, +(k — 1) d2+((k — Lt — (k-1)) dij4 di 


Mt) == €@(e-1)t41 + dt 


2 
= ta,+t(k — 1) do+ 


(= 1) des 
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t(t — 1) 


M(k+1,t) = tAgepi + di 
= t/a, +k do +(kt — k) di] 
2k+1 
t(t—1) di. 


=ta,+tkdot+ 


Hence M(x+41,t) — Mcx,t) = t(t-—1)di + tdz. Therefore, the new sequence {Mx,t)} generated 
t(t — 1) 


form {a,} is an arithmetic progression with Mio) = t@1+ 5 


di, d= t(t - 1)d, + tdz. So 
the sum of the first [=| t terms of {a,}. 


Sle = (t, EY gy [2] + ELE Ye 1) di +t) 
= El ear SY ig 
Sa Slate a Ualeg (n =) ar . id ae lé] oat di 
= (a+ [7] @-Yar+[F] aa)(n ag aes, 


wn, ED Pays A a Pe part [one [3] 
(n — [2] t)(n — [2] t-1) 


n 
Particularly, when t|n, suppose 7 k, then 


t(t — 1) 


k(k—1 
Sn = na CED 92 EY) 


tdo. 
5 d2 


§3. Periodic number sequence with two common ratios 


Definition 2.1. A sequence of numbers {a,,} is called a periodic number sequence with 
two common ratios if the following conditions are satisfied: 

(i) Vk = 0,1,2,-++ G@ee41, Ckt+2, Qkt+3,°°* , Akt+e is a finite geometric progression with q 
as the common ratio, where ¢ is a constant natural number; 

(ii) VA = 0,1, 2,-+- ace4ayt+i = @(e+1)t92, Where ge is a constant natural number; 

We call the finite geometric progression “aye+1, @pt+2; @ht+3,°'* > @nere” the (k + 1)th 
period of {an} and “ace+i)t,@(k+1)t41” the (k+1)th interval of {an}; q@ is named the common 
ratio inside the periods and q2 is called the interval common ratio, ¢ is called the number 


/ 
sequence {a,,} s period. 
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In this section, {a,,} denotes a periodic sequence of numbers with two common ratios q 
and qo. It’s easy to get that {a,} has the following form: 
01,0191, 19, 5°** 19 321 92G, 1929), 019291", +++ ,argagt” *; (2) 
12d) 41920, 419307 BG 


The formula of the general term of (2) is 


@—1—(2=" pel 
dn = ay! I Dg ) 
Let M(x,z) be the sum of the ¢ terms of the (k + 1)th period. Therefore, the new sequence 


{Mx)} generated form {a,,} is an geometric progression with Mio) = ena), a ae 
So the sum of the first n terms of {ay}. 
Theorem 2.2. {a,,} is a periodic number sequence with two common ratios q, and qo, 


the sum of the first n terms of {a,,}S', is 


atte) (1 — (gy qty lh) a, gl#l g FY  — [Fly 


i 
1-% 


Sn = 1 _ I q,t-1 


n 
Particularly, when t|n, suppose — = k, then 


ay(1— %1')(1 — (4% ae 
(1 — a) — 4% qt!) 


Sn = 
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Abstract For any positive integer n, the famous F. Smarandache function S(n) is defined as 
the smallest positive integer m such that n | m!. That is, S(n) = min{m: n|m!, n € N}. 
The Smarandache reciprocal function S.(n) is defined as S.(n) = max{m: y | n! for all 1 < 
y<m, and m+1yn!}. That is, S.(n) is the largest positive integer m such that y | n! for all 
integers 1 < y <_m. The main purpose of this paper is using the elementary method to study 
the solvability of an equation involving the Smarandache function S(n) and the Smarandache 
reciprocal function S.(n), and obtain its all positive integer solutions. 
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81. Introduction and result 


For any positive integer n, the famous F. Smarandache function S(n) is defined as the 
smallest positive integer m such that n | m!. That is, S(n) = minf{m: n|ml!, ne N}. It 
is easy to find that the first few values of this function are S(1) = 1, $(2) = 2, S(3) = 3, 
S(4) = 4, S(5) = 5, $(6) = 3, S(7) =7, S(8) = 4, S(9) = 6, S(10) = 5, S(11) = 11, $(12) = 4, 

About the elementary properties of S(n), many authors had studied it, and obtained 
some interesting results, see references [1]-[5]. For example, Xu Zhefeng [5] studied the value 
distribution problem of S(n), and proved the following conclusion: 

Let P(n) denote the largest prime factor of n, then for any real number x > 1, we have 


the asymptotic formula 


n<u 


where ¢(s) denotes the Riemann zeta-function. 

On the other hand, in reference [6], A. Murthy introduced another function S.(n), which 
called the Smarandache reciprocal function. It is defined as the largest positive integer m such 
that y | n! for all integers 1 < y < m. That is, S.(n) = max{m: y|n! foralll <y< 
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m, and m+1yn!}. For example, the first few values of S.(m) are: 


S.(1) =1, S.(2) = 2, $.(3) = 3, $.(4) = 4, $.(5) =6, S.(6) = 6, S.(7) = 10, 
= 10, S.(9) = 10, S.(10) = 10, S.(11) = 12, S.(12) = 12, S.(13) = 16, 
14) = 16, S5(15) = 16, $.(16) = 16, S.(17) = 18, S.(18) = 18, ---. 
A. Murthy [6] studied the elementary properties of S.(n), and proved the following conclusion: 
If S.(n) = x and n 43, then x + 1 is the smallest prime greater than n. 
The main purpose of this paper is using the elementary method to study the solvability of 
an equation involving the Smarandache function S(n) and the Smarandache reciprocal function 


S.(n), and obtain its all positive integer solutions. That is, we shall prove the following: 
Theorem. For any positive integer n, the equation 


S-(n) + S(n) =n 


holds if and only if n = 1, 2, 3 and 4. 


§2. Proof of the theorem 


In this section, we shall prove our Theorem directly. First we need an estimate for m(x), 
the number of all primes < x. From J. B. Rosser and L. Schoenfeld [7] we have the estimate 


T(r) < * (14 : ) for «>1 


Ina 2-Inz 
and 
(x) > —— (1+ f > 59 
ie Inz 2-Inz — : 


Using these estimates and some calculating we can prove that there must exist a prime between 


n and sn, if nm > 59. So from this conclusion and A. Murthy [6] we have the estimate 


S-(n) < : -n, if n> 59. (1) 


If 1 <n < 59, it is easy to check that n = 1, 2, 3 and 4 satisfy the equation S.(n) + S(n) =n. 
Now we can prove that n does not satisfy the equation S.(n)+ $n) =n, if n > 59. In fact this 
time, if n be a prime p > 59, then from reference [6] we know that S.(p) > p and S(p) = p, so 
S.(p) + S(p) > 2p. If n has more than two prime divisors, from the properties of Smarandache 
function S(n) we know that 


S(n) = max {5(p; ies jax ios - pi}, 


if n = pips? ---p% be the factorization of n into prime powers. From this formula we may 


immediately deduce the estimate 


-n. (2) 


Nl rR 
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Combining (1) and (2) we can deduce that if n > 59 has more than two prime divisors, then 


1 
Se(n) + S(n) < 5 -n+5-n=2n. 


So n does not satisfy the equation S.(n) + S(n) = 2n. 


If n = p* > 59 be a power of prime p, and a > 2, then note that $(2°) < —-2*%, a> 3; 


Dl re 


1 1 1 
S(3%) < 5 -3%, a > 3; S(p%) < 5 -p*,a>2,p>5. We also have S(n) < 5% and therefore, 


S.(p*) + S(p J<5°P + 5 pt = 2p 


So the equation S.(n) + S(n) = 2n has no positive integer solution if n > 59. This completes 
the proof of Theorem. 
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Abstract An rpp semigroup S is called a right C — rpp semigroup if L* V R is a congruence 
on S and Se C eS for all e € E(S). This paper studies some properties on right C — rpp 
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semigroups whose set of idempotents forms a right normal band are a strong semilattice of 
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81. Introduction 


A semigroup S is called an rpp semigroup if all its principal right ideals aSt(a € S), 
regard as right S+-systems, are projective. This class of semigroups and its subclasses have 
been extensively studied by J.B.Fountain and other authors (see [1-7]). On a semigroup S, 
the Green’s star relation £* is defined by (a,b) € £* if and only if the elements a,b of S' are 
related by the usual Green’s relation £ on some oversemigroup of S. It was then shown by 
J.B.Fountain [2] that a monoid S is rpp if and only if every £*-class contains an idempotent. 
Thus, a semigroup S' is rpp if and only if every £*-class of S' contains at least one idempotent. 
Dually, we can define lpp semigroups and a semigroup which is both rpp and lIpp is called 
abundant(|3]. Abundant semigroups and rpp semigroups are generalized regular semigroups. 

It is noted that rpp semigroups with central idempotents have similar structure as Clifford 
semigroups. This kind of rpp semigroups was called the C—rpp semigroups by J.B.Fonutain. He 
has proved that a C—rpp semigroup can be described as a strong semilattice of left cancellative 
monoids. 

In order to generalize the above result of Fountain, Y.Q.Guo, K.P.Shum and P.Y.Zhu have 
introduced the concept of strongly rpp semigroups in [4]. They considered an rpp semigroup S' 
with a set of idempotents E($). For Va € S, let the enevelope of a be M, = {e € E(S)|S'a Cc 
Ste and Vz,y € S',ax = ay > ex = ey}. Surely, M, consists of the idempotents in the L*- 
class of a. Then the authors in [4] called the semigroup S strongly rpp if there exists a unique 
ein M, such that ea = a for Va € S. Now, we call a semigroup S a left C — rpp semigroup/4] 
if S is strongly rpp and L£* is a semilattice congruence on S. Y.Q.Guo called an rpp semigroup 
S aright C — rpp semigroup|5] if £* V R is a congruence on S and Se C eS for Ve € E(S). 
He has shown that a right C'— rpp semigroup S' can be expressed as a semilattice Y of direct 
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products M, and By, where M, is a left cancellative monoid and B, is a right zero band for 
VaeY. 

In this paper, we will give some properties on right C — rpp semigroups by the result of 
K.P.Shum and X.M.Ren in [8]. Then, by using the concept of right A-product, we study the 
right C — rpp semigroups whose set of idempotents forms a right normal band. We will see that 
this kind of semigroups is a strong semilattice of direct products of left cancellative monoids 
and right zero bands. 

Terminologies and notations which are not mentioned in this paper should be referred to 
[8] and also the text of J.M.Howie [9]. 


§2. Preliminaries 


In this section, we simply introduce the concept of right A-product of semigroups and the 
structure of right C — rpp semigroups. These are introduced by K.P.Shum and X.M.Ren in [8]. 

We let Y be a semilattice and M = [Y; Ma, 6a,g] is a strong semilattice of cancellative 
monoids M, with structure homomorphism 64,3. Let A = UacyAa be a semilattice decom- 
position of right regular band A into right zero band Aq. For Va € Y, we form the Cartesian 
product S, = M, x Ag. 

Now, for Va, € Y with a > @ and the right transformation semigroup J*(*g), we define 
a mapping 


Go: Sa — JI*(*g) 


by ut py" 2 satisfying the following conditions: 
Tf a,t) € Sq, t’ € Aq, then 7’ (art) _ =4 
~ 
ae For V(a,i) € Sa, (b,7) € Sg, we consider the following situation separately: 
(a) ets) is a constant mapping on Agg and we denote the constant value by 


(a,4) (0,9) 
( a iP B. wa) : : 
(b) If a, 8,6 € Y with a6 > 6 and C= =k, then one vf) =o ere. 
w w r a,t Xr 9 
(c) Tf pHs phy, = pr) of) for V(w,A) € Sy, then bad gl = oe.) 
where 1, is the identity of the mene: M,. 


a ” 


We now form the set union S = (J,¢y Sa and define a multiplication “o” on S by 
(a, i) 0 (b, 3) = (ab, (ee p92)) (*) 

After straightforward verification, we can verify that the multiplication“ o satisfies the 
associative law and hence (S,0) becomes a semigroup. We call the above constructed semigroup 
the right A-product of semigroup M and A on Y, under the structure mapping ®g,3g. We denote 
this semigroup (S,o) by S = MA}, 4A. 

Lemma 2.1. (See [8] Theorem 1.1). Let M = [Y;Ma,6a,a] be a strong semilattice of 


cancellative monoids M, with structure homomorphism 6, ,g. Let A =U A, be asemilattice 


acy 
decomposition of right regular band A into right zero band A, on the semilattice Y. Then the 
right A-product of M and A, denoted by MA},.4A, is a right C — rpp semigroup. Conversely, 


every right C' — rpp semigroup can be constructed by using this method. 
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§3. Some properties and main result 


In this section, we will first give some properties, by using right A-product of semigroups, 
for right C — rpp semigroups which have been stated in the introduction. Then, we will obtain 
the structure of right C’— rpp semigroups whose set of idempotents forms a right normal band. 

Theorem 3.1. Let S be a right C' — rpp semigroup. Then the following statements hold: 

(1) For Vu € RegS, Su C uS; 

(2) For Ve € E(S), the mapping n-: «+> xe(Vx € S") is a semigroup homomorphism from 
S* onto Ste. 

Proof. (1) We first assume that S = MW Aj, oA is an arbitrary right C — rpp semigroup. 
For Vu = (a,1) € Sa MN RegS, there exists z = (b,j) € Sg such that uzu = u and cuz = x. we 
can easily know a = @ by the multiplication of semigroups. Hence for Va € Sq, from (*) and 
(P1) we have (b,j) = = rux = (bab, 7). So bab = b = blg = bla, where 1g is the identity 
element of M,. By the left cancelltivity of M,, we immediately obtain ab = 1,. 

For y € Y and v = (c¢,k) € Sy, let w = ((b0a,ya)(C@); (Ya Pa,ya)) © Sya, Where Oa,ya is 
a semigroup homomorphism from M, onto Myq, and M,yq is a left cancellative monoid. This 


leads to laa,ya = lya. Hence, 


uw = (4,1) ((bba,ya) (C4), (P5 yo Pa,ye)) 

((2B aya) Pyaar (90,70) (C4); (Paya Pya,ya)) 
= ((4a,ya)(08a,ya) (C4), (F540 Pa,ye)) 
((ab)Oa,ya(C@); (04 yaPa,ye)) 

(laFa, yale a), (yp, ale, a) 

= (Lya(ca), (94 ya Po,70)) 

— (Dy waPoae)) 

C, ae i) 

This shows Su C uS. 


(2)For Ve € E(S) and Vz,y € S', if y= 1, then we have immediately 


Ne(a- 1) = ne(x) = we = wee = Ne(a)ne(1). 


If « € S, then we know there exists z € S such that ye = ez by using (*) and e € RegS. 
Hence, 


Ne(wy) = (xy)e = (ye) = (ez) = we(ez) = (xe) (ye) = ne(@)ne(y). 


This shows that 7. is a semigroup homomorphism. 

In the following section, we proceed to study the structure of right C — rpp semigroups 
whose set of idempotents forms a right normal band. 

Definition 3.2. A band F is called a right normal band if Ve, f,g € E such that efg = feg. 

Theorem 3.3. Let S = MA},A be a right C — rpp semigroup. E(S) is the set of 
idempotents of S. Then the following statements are equivalent: 

(1) S is a strong semilattice of My x Ag; 
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(2) E(S) is a right normal band. 

Where M = [Y; Ma, a,s] be a strong semilattice of left cancellative monoids M, with structure 
homomorphism 44,3, A = Uaey Aq be a semilattice decomposition of right regular band A into 
right zero band Ag. 

Proof. (1)=(2). Let S be strong semilattice Y of S, = My x Aq with structure homomor- 
phism Wg fora, 3 € Y anda > . From [8] we knew E(S) = Ugey{(la, 7) € Ma x Aali € Aa}, 
where 1, is the identity element of M,. If (la,t) € Sa,(1e,7) € Sg, then (1e,i)Wa,eg is an 
element in Fxg. Since Egg is a right zero band, we have 


(le:t)(1¢.5) = est) %e,ae(1¢,3) 6.08 = (1¢,7)¥e,e8- 


Consequently, for any idempotents (1q,7), (1,7) and (1,,k), we have 


(la, t)(1g,9)(1y,') = (la, t) ey, apy(1p,J va, apy (Ly ik) by, apy = (1 yk) Py,08+: 
(139 )les ty, k) = (1e.j i) be, apy Ue 51) Por, wey la ik) by, apy = (1 od) k))y,a4: 


Thus, 


(La, #)(1a,7)(1y,k) = (1a, 9)(as#)(1y, k). 


This shows that E(S) is a right normal band. 

(2)=(1). If E(S) is a right normal band, then we knew that E(S) is a strong semilattice 
of right zero band, and every right zero band is just a J(= D)-class of E(S'). As E(S) itself 
is a semilattice of right zero bands Ey = {(la,?) | ¢ € Aa}, each Eq is just a J-class of 
E(S). This means that E(S) is a strong semilattice of Ey. Let the strong semilattice structure 
homomorphism be €,,3, where a, 3 € Y and a > 8. Then for any idempotents (1q,7), (1¢,J), 
we have 


(la, #)(16,3) = (La, t)a,0a(1e,J)&6,08 = (1a, 5)€s,08: 


Let 6.,3 be the strong semilattice structure homomorphism of the C—rpp compotent M, = 
Uaey Ma of S. By virtue of the right normality of E(S), for V(a,7) € Sq and j1, j2 € Ag U Aag, 
we have 


a,t 1 
(abs ap lor were” 


ie 


')( 
= (1g, 4) (080,085 (deedapny 
= (ar i}(0,8)(laa oe) 
Oat) aa (eon ese2y) 
ve wen Bree en et opis 
(1a, #)(Lap, ia) 
1) (lees J2) 
= (a,i)(1 9,5) 


a,t il: 
= (06o,0; (PO®,y53?))). 


DDR ROO || 
g& 8 
2. 8. 
A a SS SS 


: 1 a,i ie 
This shows (php led) — (yl!) pleds)) 
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Now, for Va,@ € Y,a > GB,i € Aa, jo € Ag, we define a mapping Vag: Sa — Sg by 
(2,8) + (Baap, (oeadebee) 
By the same arguments as the previous one, we can get the above mapping Vag is inde- 
pendent of the choices jp € Ag. 
Clearly, Vo, is an identity mapping for Va € Y. 
Furthermore, for V(a,i), (b,7) € Sa,a@ > @ and jo € Ag, we have 
(a,i)(b,j)Wa,o = (ab, j) Va, 


a 18,30 
= ((ab)Ba,a8s (ord) p29) 


a,t b 1 
= (46 0,08080,08; (pf ees OS ae 


= (080,08; emai ))(08a,08; (Paas¥ p08») 
= (2,1) Va,5(b, 7) Wa 
Thus, Y.,¢ is indeed a homomorphism from Sq ae Sg. 
For Va, 8,7 € Y satisfying a > 8 > y, and jo € Ag, ko € Ay, we have 
(4,1) Va,6V py = (Baa, (Poas¥sad ))%An 
= (0B 0,8; (963 95.5 Vay 
=i; 2,31 J0) Vp, 
= (a. fe 1 Eq eH) 
= (a9a,, ko) 
= (Bays (9 OV )) 
= (4,1) Va. 
In other words, we have Vy gVg,. = Va,y. Summing up all the above discussion, we are now 
ready to construct a strong semilattice S of S, with the above structure homomorphism W, ,. 
Clearly, S' = S as sets. The remaining part is to show that S = S as semigroup as well. 
Denote the multiplication in S by *, Then for V(a,i) € Sa,(b,7) € Sg and jo € Aag, we 
have 
(a, 1) * (0,9) = (@,) Wo,aa(b,j) Vane 
= (0Ba,a8s (PEa 05.23” ))(00 2,08, (Vp 2h0525")) 
= (a, 1)(b, j). 
Thus, it can be seen that the multiplication « of S' is exactly the same as the usual semigroup 
multiplication of S. This shows that S is a strong semilattice of Ma x Aa. 


The proof is completed. 
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Abstract For any positive integer n, the famous Pseudo Smarandache Square-free function 
Zw(n) is defined as the smallest positive integer m such that m” is divisible by n. That 
is, Zy(n) = min{m : n|m”,m € N}, where N denotes the set of all positive integers. The 
main purpose of this paper is using the elementary method to study the properties of Z(n), 
and give an inequality for it. At the same time, we also study the solvability of an equation 
involving the Pseudo Smarandache Square-free function, and prove that it has infinity positive 


integer solutions. 
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81. Introduction and results 


For any positive integer n, the famous Pseudo Smarandache Square-free function Z,,(n) is 
defined as the smallest positive integer m such that m” is divisible by n. That is, 


Zu(n) =min{m: nlm", me N}, 


where N denotes the set of all positive integers. This function was proposed by Professor F. 
Smarandache in reference [1], where he asked us to study the properties of Z,(n). From the 
definition of Z,,(n) we can easily get the following conclusions: If n = pf'p5?---p?r denotes 
the factorization of n into prime powers, then Z,,(n) = p,p2---p,. From this we can get the 
first few values of Z,(n) are: Zw(1) = 1, Zw(2) = 2, Zw(3) = 3, Zw (4) = 2, Zw(5) = 5, 
Zw(6) = 6, Zu(7) = 7, Zw(8) = 2, Zu(9) = 3, Z,(10) = 10, ---. About the elementary 
properties of Z(n), some authors had studied it, and obtained some interesting results, see 
references [2], [3] and [4]. For example, Maohua Le [3] proved that 


= 1 
=~, aeR, a>0 
Zam 


is divergence. Huaning Liu [4] proved that for any real numbers a > 0 and x > 1, we have the 


asymptotic formula 


a got ee er 
Seto = Coraeny WU! ery] toe") 


n<u 
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where ¢(s) is the Riemann zeta-function. 


k 
Now, for any positive integer k > 1, we consider the relationship between Z,, (11 m) 


A='l, 
k 


and S- Zw(m,;). In reference [2], Felice Russo suggested us to study the relationship between 
i=1 
them. For this problem, it seems that none had studied it yet, at least we have not seen such 


a paper before. The main purpose of this paper is using the elementary method to study this 
problem, and obtained some progress on it. That is, we shall prove the following: 

Theorem 1. Let & > 1 be an integer, then for any positive integers m1, m2, ---, Mz, we 
have the inequality 


and the equality holds if and only if all m1, m2, --- , mx have the same prime divisors. 


Theorem 2. For any positive integer k > 1, the equation 
k k 
> Zelom) = Ze (Sm 
i=1 i=1 


has infinity positive integer solutions (m1, ma, -+:, Mx). 


§2. Proof of the theorems 


In this section, we shall prove our Theorems directly. First we prove Theorem 1. For any 
positive integer k > 1, we consider the problem in two cases: 

(a). If(m;, m;)=1, i, 7 =1, 2, --- , k, andi ¥ j, then from the multiplicative properties 
of Z(n), we have 


Therefore, we have 


k 
k > Zw (mi) k k 
k k i=1 = : 
w=1 i=1 i=1 w=1 
(b). If (mi, mj) > 1, 4, 7 = 1, 2, ---, k, andi F J, then let my = pf’ py? --- pe, 
ais > 0, i=1, 2,---, kj s=1, 2, ---, r. we have Z,,(m;) = pi pe ... pPir, where 


0, if a; = 0; 
Bis = . 
1, if aj, > 1. 
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Thus 
k 
Dd ulmi) 
i=1 = pet ph aa pir + pb?! pz ae par + a ais 4 pert pik ans - pr 
k k 
k 
P1p2°** Pr + P1p2-**Pr + +++ + pPip2+**P 
= : i ~ = Pip2-++ Pr = Zw (II). 
i=1 
and equality holds if and only ifa;, >1,i=1, 2,---, kj, s=1, 2,---, 7. 
k 
| Zw (II) = ¥/pip2-** Dr S \/py' py? + pr” 
i=1 
k 
Zw (mz) 
2 Be pr ey ee ee ee. 
— k k o] 
k 
where a, = >. Bis, 8 =1, 2, +--+, r, but in this case, two equal sign in the above can’t be hold 
i=1 


in the same time. 


So, we obtain 


and the equality holds if and only if all m,, m2, --- , mz have the same prime divisors. This 
proves Theorem 1. 

To complete the proof of Theorem 2, we need the famous Vinogradov’s three-primes the- 
orem, which was stated as follows: 

Lemma 1. Every odd integer bigger than c can be expressed as a sum of three odd primes, 
where c is a constant large enough. 

Proof. (See reference [5]). 

Lemma 2. Let k > 3 be an odd integer, then any sufficiently large odd integer n can be 


expressed as a sum of k odd primes 
N= pit pot: + De. 


Proof. (See reference [6]). 
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Now we use these two Lemmas to prove Theorem 2. From Lemma 2 we know that for any 


odd integer k > 3, every sufficient large prime p can be expressed as 
D> Pit p2 +--+ + Pr: 
By the definition of Z,,(n) we know that Z,,(p) = p. Thus, 
Zw(P1) + Zw(p2) + +++ + Zw (Pe) = Pi + po + +++ + Pe =P = Zw(p) 
= Zw(pi + po+-+++Pr)- 


This means that Theorem 2 is true for odd integer k > 3. 
If k > 4 is an even number, then for every sufficient large prime p, p—2 is an odd number, 


and by Lemma 2 we have 


p-2=py+pot-::+pe-1 or p=2+ pi +pot-+++ pre-i- 
Therefore, 
Zy(2) + Zw (91) + Zu (p2) +++ Zy(pe-1) = 2+ pi t+ pot +++ pei =P 
= Zu (p) = Zu(2 +31 + pe +++ + pet). 


This means that Theorem 2 is true for even integer k > 4. 
At last, for any prime p > 3, we have 


Zw(p) + Zw(p) =p +p = 2p = 2, (2p), 


so Theorem 2 is also true for k = 2. This completes the proof of Theorem 2. 
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Abstract For any positive integer n, the famous F.Smarandache function Sn) is defined as 
the smallest positive integer m such that n | m!. That is, S(n) = minf{fm: n|ml!, n € N}. 
The main purpose of this paper is using the elementary method to study the estimate problem 
of S(F,), and give a sharper lower bound estimate for it, where F, = 2?" + 1 is called the 
Fermat number. 

Keywords F. Smarandache function, the Fermat number, lower bound estimate, elementa- 


ry method. 


81. Introduction and result 


For any positive integer n, the famous F.Smarandache function S(n) is defined as the 
smallest positive integer m such that n | m!. That is, S(n) = min{fm: n|m!, n € N}. For 
example, the first few values of S(n) are S(1) = 1, S(2) = 2, S(3) = 3, S(4) = 4, $(5) = 5, 
S(6) = 3, $(7) = 7, S(8) = 4, S(9) = 6, S(10) = 5, S(11) = 11, $(12) = 4,---. About 
the elementary properties of S(n), many authors had studied it, and obtained some interesting 
results, see references [1], [2], [3], [4] and [5]. For example, Lu Yaming [2] studied the solutions 
of an equation involving the F.Smarandache function S(n), and proved that for any positive 
integer k > 2, the equation 


S(my + me + +++ + mp) = S(m1) + S(me) +--+ + Sm) 


has infinite group positive integer solutions (m1, m2,--+ , mx). 

Dr. Xu Zhefeng [3] studied the value distribution problem of S(n), and proved the following 
conclusion: 

Let P(n) denotes the largest prime factor of n, then for any real number x > 1, we have 
the asymptotic formula 


3) 93 ee 
& (sim) Pony? = 2D 4 0 ) 


n<u 


where ¢(s) denotes the Riemann zeta-function. 
Chen Guohui [4] studied the solvability of the equation 


§7(2) -—58(z) +p=2, (1) 
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and proved the following conclusion: 

Let p be a fixed prime. If p = 2, then the equation (1) has no positive integer solution; If 
p = 3, then the equation (1) has only one positive integer solution x = 9; If p = 5, then the 
equation (1) has only two positive integer solutions « = 1, 5; If p = 7, then the equation (1) 
has only two positive integer solutions « = 21, 483. If p > 11, then the equation (1) has only 
one positive integer solution « = p(p — 4). 

Le Maohua [5] studied the lower bound of $(2?~1(2? — 1)), and proved that for any odd 


prime p, we have the estimate: 
S (2?-1(2? —1)) > 2p+1. 


Recently, in a still unpublished paper, Su Juanli improved the above lower bound as 6p + 1. 
That is, she proved that for any prime p > 7, we have the estimate 


S (2?-1(2? —1)) > 6p +1. 


The main purpose of this paper is using the elementary method to study the estimate 
problem of $(F;,), and give a sharper lower bound estimate for it, where F;, = 2?” + 1 is the 
Fermat number. That is, we shall prove the following: 


Theorem. For any positive integer n > 3, we have the estimate 
S(F,) >8-2"4+1, 


where F,, = 22" + 1 is called the Fermat number. 


§2. Proof of the theorem 


In this section, we shall complete the proof of our theorem directly. First note that the 
Fermat number F, = 5, Fo = 17, F3 = 257, Fy = 65537, they are all prime. So for n = 3 
and 4, we have S'(F3) = 257 > 8-23 +1, S (Fy) = 65537 > 8- 24+ 1. Now without loss of 
generality we can assume that n > 5. If F, be a prime, then from the properties of S(n) we 
have S (F,,) = F, = 2?" +1>8-2"+4+1. If F, be a composite number, then let p be any prime 
divisor of F,, it is clear that (2, p) = 1. Let m denotes the exponent of 2 modulo p. That is, 
m. denotes the smallest positive integer r such that 


2" = 1 (mod p). 


Since p | Fy, so we have F, = 22” +1 = 0 (mod p) or 22" = —1 (mod p), and 22""" = 1 (mod p). 
From this and the properties of exponent (see Theorem 10.1 of reference [6]) we have m | 2"*?, 
so m is a divisor of 2"+1. Let m = 24, where 1 < d<n+1. It is clear that p +2¢—1, ifd <n. 
So m = 2”*! and m | 6(p) = p—1. Therefore, 2”*! | p—1 or 


p= hot +1. (2) 


Now we discuss the problem in following three cases: 
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(A) If F,, has more than or equal to three distinct prime divisors, then note that 2"t! + 1 
and 2-2”*! +1 can not be both primes, since one of them can be divided by 3. So from (2) 
we know that in all prime divisors of F,,, there exists at least one prime divisor p; such that 
Oe = hy 2 41 > a Pt 4 SB. 2 + 1, 

(B) If F,, has just two distinct prime divisors, without loss of generality we can assume 


Fy = (204141)%. (3-22 41)? or B= (2-2"+141)*- (3-291 41)". 


If F, = (27++41)*. (3.9741 + 1)%, and a > 4 or 3 > 2, then from the properties of $(n) 
we have the estimate 


S(F,) > max{S((2*1+1)°), (8-24 +1)")} 
= max{a-(2"* +1), 6: (3-2 +1)} 
2 <2" 1. 


If Fy = 2?" +1 = (2°41 41) - (3-241 41) =3-22"+2 + 2"+3 4.1, then note that n > 5, 
we have the congruence 
C= 27" 41-153. 22712 + 9718 = 9°19 (mod 2°+*), 
This is impossible. 
If F, _ or" 44 = (ee a 1)7.(3 . gntl + 1) = 3.23N+3 4 3.92n+3 3.gntl g2nt2 gn+2 1 
then we also have 


O= 227 +1 —1 = 3. 238743 4 3..92n4+3 4 3. Qntl g2nt2 | gnt2 — 3. 9ntl (mod 2”), 


This is still impossible. 
If F, = 22" +1 = (2"+1 41). (3-2"+1 4 1), then we have 


oF T= (G20) = 5-94 (nod) 


or 


j=2 = (3 7 aes 1)” —1=3-2"*? (mod 2"*4). 


Contradiction with 2°+4 + 3.27+?, 
If F, = (2-242 4 1)° -(3-2P4h 4 ae and a > 2 or 3 > 2, then from the properties of 


S(n) we have the estimate 
S(F,) > max{s((2-2"7+1)"), s((3-2"741))} 
=a) one foes (D2) Gs (Ree sey} 
> 8-2" +1. 


If F, = 2?" +1 = (2-2"t1+1)-(3-2"*1 +1), then we have 
hoa 4133.97 or a, 
From this we may immediately deduce the congruence 
a a aa ee She od 2), 


This is not possible. 


(C) If F, has just one prime divisor, we can assume that 
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Fea Qe ei)” oo = (2-2 41)" of B= (39277 +1)*. 


If F, = (em + ae then it is clear that our theorem holds if a > 4. If a = 1, 2 or 3, then 
from the properties of the congruence we can deduce that F, = (Qe + 1)° is not possible. 

If F, = (2-2"+1 41)" or (3-2"+1 +1)", then our theorem holds if a > 2. If a = 1, then 
F, be a prime, so our theorem also holds. 


This completes the proof of Theorem. 
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Abstract For any positive integer n, let ¢(m) and S(n) be the Euler function and the Smaran- 


dache function respectively. In this paper, we use the properties and the curve figure of these 

two functions to study the solvability of the equation )*> S(i) = o( 2a), and prove that 
i=1 

this equation has only two positive integer solutions n = 1,10. 
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81. Introduction and result 


For any positive integer n, the famous F.Smarandache function S(n) is defined as the 
smallest positive integer m such that n divides m!. That is, S(n) = min{m: me N, n|m}, 
where N denotes the set of all positive integers. From the definition of S(n), it is easy to see 
that ifn = p{'p5?---p?* be the factorization of n into prime powers, then we have 


S(n) = mas ee Nhs 


It is clear that from this properties we can calculate the value of S(n), the first few values of 
S(n) are: S(1) = 1, $(2) = 2, $(3) = 3, S(4) = 4, S(5) = 5, S(6) = 3, S(7) = 7, S(8) = 4, 
S(9) = 6, S(10) = 5, ---. About the arithmetical properties of S(n), some authors had studied 
it, and obtained many interesting results. For example, Lu Yaming [2] studied the solvability 
of an equation involving the F.Smarandache function S(n), and proved that for any positive 
integer k > 2, the equation 

S(mz + m2 +--+ + my) = S(m1) + S(me2) +--+ + S(mz) 


has infinite group positive integer solutions (m1, me, --- , Mz). 
Jozsef Sandor [3] proved that for any positive integer k > 2, there exist infinite group 


positive integers (m1, m2, ---, mx) satisfying the inequality: 
Also, there exist infinite group positive integers (m1, m2, --- , mz) such that 


S(mi1 + M2 +--++ mg) < S(mz) + S(mz2) + +++ + S(me). 
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Rongji Chen [5] studied the solutions of an equation involving the F.Smarandache function 
S(n), and proved that for any fixed r € N with r > 3, the positive integer n is a solution of 


S(n)" + S(n)" 1 4---4+ S(n) =n 


if and only if 


where p is an odd prime satisfying p"~1 +p’? +---+1|(p—1)!. 

Xiaoyan Li and Yanrong Xue [6] proved that for any positive integer k, the equation 
S(n)? + S(n) = kn has infinite positive integer solutions, and each solution n has the form 
n = pny, where p = kn, — 1 is a prime. 

For any positive integer n, the Euler function ¢(n) is defined as the number of all positive 
integers not exceeding n, which are relatively prime to n. It is clear that ¢(n) is a multiplicative 
function. 

In this paper, we shall use the elementary method and compiler program to study the 
solvability of the equation: 


S(1) +5@) +--+ 5(n) = 6 (MED), (1) 


and give its all positive integer solutions. That is, we shall prove the following: 
Theorem. The equation 


S(1) + S(2)+---+S(n) =¢ (mae) 


2 


has and only has two positive integer solutions n = 1, 10. 


§2. Main lemmas 


In this section, we shall give two simple lemmas which are necessary in the proof of our 
Theorem. First we have the following: 
Lemma 1. For any positive integer n > 100, we have the inequality 


i 1? n? 
aay 
2, 5 $199 inn 
Proof. From the mean value formula of S(n) (See reference [7]) 
nw? a x 


we know that there exists one constant N > 0 such that 


n 2 2 2 2 2 2 
> S(i) 2 wT n | 1 7 n Z T n 
i=l 


S72 Inn 1199 12 Inn ~ 11.99 Inn 


holds for all positive integer n > N. We can take N = 100 by calculation. This completes the 


proof of Lemma 1. 
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Lemma 2. For Euler function $(n), we have the estimate 


1 +1 1 

3 (“e ') a mn ) el. = ae 

ln (2 In —a) 
Proof. Let n = p{'p$?---pp* be the factorization of n into prime powers, then there 
always exist some primes pi, po, ---ps such that pipo---ps; > n. From [1] we have 
x 
S"inp=2+0 (=). 

log x 


pK@ 


by this estimate we know that 


Inn< So inp; < S- Inp; < ps < 2Inn. 
i=1 PiX<Ps 
Thus 1 1 
So-< S- — <InInp, < InIn(2Inn). 
Pp Pi 


p|n Pi<Ds 


1 1 
Note that ¢(n) = n{[ (1 ), if mnt ) is even, then 
Pp 


pin 
n(n + 1) n(n +1) 1 
SNE ey _ nati) so 
o( 2 2 II 
p| 2a) 
In(1— 4)415_15 
= MHD) nh gga PTET 
4 
= » oer xu {In(1—4)+ +5] 
_— n(n bre 1) pein) 5 P j mF) 4 Pp Pp 
4 7 2 2 
> n(n +1) pi MED pga > 
4 
> Uo), ef. e7) Sin n(2In *S) 
4 
n(n+1) 3 1 
— -e4- 15 n(n+1) . 
: nen 


1 
If aint) is odd, we can also get the same result. This completes the proof of Lemma 1. 


§3. Proof of the theorem 


In this section, we shall complete the proof of our Theorem. First we study the tendency 
of the functional digraph 


KK pee) a 1 ng? 
a mn 5(2in 2@4D) 11.99 “Ina” 


By use of Mathematica compiler program we find that f(a) > 0, if a > 100754. 
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No. 


find 


programming language, we obtain that the equation (1) has no any other positive integer 


6 
7.5 x10 
sx1o® 


2.5 xo ® 


é 20000 40000 60000 60000 107000120000 
-2.5 x10 


-s>xa08 
6 
-2.5 x10 


figure 1 


From the figure 1 we know that if n > 100754, then 


” nm mn?  n(nt+i1) 3 1 n(n + 1) 
S(i) < oe . 
> OTe in a in (21m BED) . a( 2 ) 


If « € (100754, +00), we use Mathematica compiler program to compute f (x), then we 


that the derivative f’ (x) is positive, so (2) is also true if « > 100754. 


Now we consider the solution of (1) for all n € [1, 100754]. By use of the computer 


solutions except n = 1, n = 10. This completes the proof of Theorem. 
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The computing programme is given as follows if n € [1, 100754]. 
# include “stdio.h” 
# include “math.h” 
# define N 100754 
int S(int n) 
{int ret=1,num=n; 
unsigned long int nn=1; 
for(ret=1;ret<=n;ret++) { nn=nn«ret; 
if(an%num==0) break;} if (ret>n) ret=n; 
return ret; } 
int SumS(int n) 
{int ret=0,i; 
for(i=1l;i<=n;i++) ret+=S(i); 
return ret; } 
int coprime(int i,int n) 
{ int a=n,b=i; 
while(a!=b) { if(a==0) return b; 
if(b==0) return a; 
if(a>b) a=a%b; 


else 

b=b%a;} 

return a; } 

int Euler(int n) 

{int ret=1,i; 

for(i=2;i<n;i++) {if(coprime(i,n)==1) ret++;} return ret;} 
main() 

{ int kk; 


for(kk=1;kk<=N;kk++) if(SumS(kk) ==Euler((kk*(kk+1) /2))) 
printf( “rusult is % d\n” ,kk); 
getch (); } 
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Abstract For orthogonal projective matrix R, i.e., R? = R and RT = R, we say that A is 
generalized Hermitian matrix, if RAR = A*. In this paper, we investigate the least residual 
problem ||AX — B|| = min with given X, B, and associated optimal approximation problem 
in the generalized Hermitian matrix set. The general expressions of the solutions are derived 
by matrix decomposition. 
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81. Introduction 


Some symbols and notations: Let C?"*” be the set of all m xn complex matrices with rank 
r, HC"*” be the set of all n x n Hermitian matrices. Denoted by At, A*, rank(A) the Moore- 
Penrose generalized inverse, conjugate transpose, rank of matrix A, respectively. Moreover, I, 
represents identity matrix of order n, and J = (€n, @n—-1,°+ ,€1), €; € C” is the ith column of 
In. stands for the Frobenius norm. Matrix R € C?’*” is said to be projective (orthogonal 
projective) matrix, if R? = R (R? = Rand R* = R). 

Definition 1.1. If A € C"*”, we say that A is centro-symmetric matrix, if JAJ = A. 


The centro-symmetric matrix has important and practical applications in information the- 


ory, linear system theory and numerical analysis (see [1-2]). As the extension of the centro- 
symmetric matrix, we define the following conception. 

Definition 1.2. For given orthogonal projective matrix R € C?*”, we say that A € C”*” 
is generalized Hermitian matrix, if RAR = A*. Denote the set of all generalized Hermitian 
matrices by GHC”*”. 

In this paper, we discuss two problems as follows: 

Problem I.(Procrustes Problem): Given orthogonal projective matrix R € R"*”, and 

X,Bec"*™, find A € GHC”*” such that 
|| AX — B|| = min. 

Problem II.(Optimal Approximation Problem): Given M € C”*”, find A € Sg such 

that 
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|| M— Al = min [IM — All, 
AE€Sz 

where Sz is the solution set of Problem I. 

Obviously, when M = 0, Problem II is changed into finding the least Frobenius norm 
solution of Problem I. 

Many important results have been achieved about the above problems with different ma- 
trix sets, such as centro-symmetric matrix!!, symmetric matrix!4—®!, R-symmetric matrix!®—7] 
and (R,S)-symmetric matrix!®) set. In this paper, we investigate the above problems in the 


generalized Hermitian matrix set by matrix decomposition. 


§2. Preliminary knowledge 


In this section, we discuss the properties and structures of (orthogonal) projective matrices 
ReEC?P*" and A € GHC™*". 
Denote s = rank(I— R), we know that r+s =n since R? = R. Suppose that pi, po,..., Pr 
and q1,q2,---;@s are the normal orthogonal basis for range R(R) and null space N(R) of R, 
respectively. Let P = (pi, p2,..-,Pr) € C?*" and Q = (q1,42,---59s) € C?”**, then 
P*P=I,, Q*Q=I,, (1) 
RP = P, RQ =0. (2) 
Lemma 2.1.(see [9]) Let matrix A € C”*™ and its full-rank factorization A = F'G, where 
Fecr*",Gecrx™ then A is projective matrix if and only if GF = I,. 


Lemma 2.2. R €C?*” is projective matrix, then 


I, 0 P 
R=(P Q) ap (3) 
0 O Q 
-1 P 
where matrix (p Q) is invertible, and ( P Q) =/ 2 
Q 
If R is orthogonal projective matrix, we have 
I, 0 P* 
R=(P Q) (4) 
0 O Q* 


where |P Q) is unitary matrix. 


Proof. Assume that the full-rank factorization of R is R = PP, we obtain from Lemma 
2.1 and (1) that 
P=P*R, PP =I. (5) 


Similarly, if the full-rank factorization of [— Ris [— R= QQ, we generate 
Q=Q"(- 8), QQ =I, (6) 
since (I — R)? = I — R. Connecting with (1)(2)(5) and (6), we know that (3) holds. The 
equality (4) is obvious since R* = R. 
Lemma 2.3. Given matrices R as in (4) and Ae GHC”*", then 
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A=(P Q) oo _ Vv GeHo"*”, (7) 


Proof. According to Lemma 2.2 and Definition 2.1, it is clear that (7) holds. 
Lemma 2.3 indicates that arbitrary matrix M@ € C”"*” can be written as 


M, Mo P* 
M3 Ms, Q* 


§3. The solutions of Problem I and II 


Given matrices X,B € C"*™, partition 
P* G P* B, 
X= and B= (8) 
Q* X2 Q* By 
where X;, By € C"™*%™ and X29, By € C®*™, 
We need the following two lemmas derived from References [7] and [8], respectively. 
Lemma 3.1. Suppose that matrices X1,B, in (8), then matrix equation A;X1 = B, is 
consistent for A; € HCO", if and only if ByXtX, = B, and X{B, = BY Xi, the general 
solution is 
Ay = A, +U, — OX) KE — Xi XP), 
where A, = (I, — 21) B, x} + (BLX})'(, — 222), VK, € HO™. 
Lemma 3.2. Given matrices X,, B, in (8), then 


min || GX; — B, ||=|| Bid, — Xf X)) | 
GeCrxr 


if and only if G = B, Xj + Ko(I, — X: Xj), V Ke € C"*". 


According to Lemmas 3.1 and 3.2, we obtain 


Lemma 3.3. For the above given matrices X1, Bj, 


min — || A.X1 — By ||=|| Bid, — XPX1) | 
Ai€HC™xr 
if and only if 


XIB AS HAP RBA, (9) 
and the expression of A; is the same as that in Lemma 3.1. 
Proof. | A, Xy = By \|? =|| By = ByX{X + BiX?X = A, Xy \|? 


=|| Bi(i- — XX) |? + || B.xf xX -— AX |l? 


Hence, the least residual can be attained only if By X X, = A,X, which is consistent for 
A; € HC™*" under condition (9) by Lemma 3.3. The proof is completed. 
Based on the previous analysis, Problem I can be solved in the following Theorem. 
Theorem 3.1. Given matrix R as in (4), X,B € C"*™ and the partition (8), then 
min ||AX — Bl? = |B, — Xf X1) ||? + ||Ball?, (10) 
AEGHCrX” 
if and only if (9) holds, at this time 
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0) GH aX RG a) 0 fe 
0 Ui} \Q* 


+ 
a) VK € HOT, 


A (p (11) 


where G = (I, — Se aie +(Bi Xf) (LE - 


Proof. According to the unitary invariance of Frobenius norm, formulas (4) and (7), we 


obtain 
| AX — Bl]? 

2 
= (p Q) le © ae: 

0 of a 

2 

_ G 0 Xy By 

0 0 Xo Bg 

= ||GX1 — By|| ? + || Boll ?. 


Therefore, the problem (10) is equivalent to the following least residual problem 
| GX, — B, || . 


min 
From Lemma 3.3, we know that the ace can be attained if and only if (9), and 
G=C+ (= Xx KU, — XX), 

where kK € HC**” is arbitrary. Submitting G into (7), then (11) holds. 

The following lemma stated from [6]. 

Lemma 3.4. Let LeCcr™, Ac C™!.7T €C™™, and A? = A= A*, Tl? =f, 
then || L — ALT ||= gut, || L — ANT || if and only if A(Z — N)T = 0. 

Let Sz be the solution set of Problem I. We can easily verify from its definition that Sz is a 
closed convex subsets in matrix space C"*” under Frobenius norm. The optimal approximation 
theorem!!®l reveals that Problem II has unique solution, which can be expressed in the next 


theorem. 


Theorem 3.2. Suppose that the given matrix in Problem II is 


M, Mz\ [P* 
M= (P Q) eu 
M3 M4, Q* 

then 

min || M—A|| (12) 

AESzr 
if and only if 

CLR) 4 ae 0 
A=(P Q) ( ina ok 1X7’) . (13) 


0 0 Q* 
where G is the same as that in Theorem 3.1. 
Proof. By using the unitary invariance of Frobenius norm and Theorem 3.1, we obtain 
‘ M, Mp Git =x KG. = ea Oo 
| Mak - 
M3; M4 0 0 
= || (Wh - G) — (h — XA XP) Kp — Xi XP) |? 
+ || Mo ||? + |] Ms ||? + |] Ma ||?, 
then the problem (12) equals to solve the minimum problem 
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We 20) = BR = | 
ania... I hn — G) — ( 1X7) K( 1X7) | 


Moreover, since ||M,||? = || 


a |? + | a \|?, hence the above minimum problem can be 


transformed equivalently as 


M,+M* — 
min || (— PG) Se SOR = Ba) | 
KEHCTX*r 2 
We further deduce from Lemma 3.4 that 
(b- SR = ea =O, eae a ee), (14) 


submitting (14) into (11), we obtain (13). 
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Abstract In this paper, defining a vector product in Semi-Euclidean space E$, we present a 
method to calculate Frenet apparatus of Partially Null curves. Thereafter, in the same space, 
using presented method, we prove that Frenet apparatus of a partially null evolute curve can 


be formed by involute’s Frenet apparatus. 
Keywords Semi-euclidean space, partially null curves, frenet apparatus. 


81. Introduction 


Suffice it to say that the many important results in the theory of the curves in E? were 
initiated by G. Monge; and G. Darboux pionneered the moving frame idea. Thereafter, F. Frenet 
defined his moving frame and his special equations which play important role in mechanics and 
kinematics as well as in differential geometry. E. Cartan opened door of notion of null curves 
(for more details see [2]). And, thereafter null curves deeply studied by W. B. Bonnor [7] in 
Minkowski space-time. In the same space, Frenet equations for some special null; Partially 
and Pseudo Null curves are given in [4]. By means of Frenet equations, in [3] authors gave 
characterizations of such kind null curves lying on the pseudo-hyperbolic space in E}. In [6], 
authors defined a vector product and by this way, they presented a method to calculate Frenet 
apparatus of space-like curves with non-null frame vectors and time-like curves in Minkowski 
space-time. Additionally, in [5] authors defined Frenet equations of pseudo null and a partially 
null curves in Semi-Euclidean space E73. 

In this work, first we defined vector product in E3 and then, using Frenet equations defined 
in [5], we present a method to determine Frenet apparatus of partially null curves in E%. 
Moreover, we prove that Frenet apparatus of a partially null evolute curve can be formed by 


involute’s Frenet apparatus in terms of presented method. 


§2. Preliminaries 


To meet the requirements in the next sections, here, the basic elements of the theory of 
curves in the space E} are briefly presented(A more complete elementary treatment can be 
found in [1]). 
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Semi-Euclidean space E} is an Euclidean space E* provided with the standard flat metric 
given by 


g = —dx? — dx? + dx? + dai, (1) 


where (21, 22,273,274) is a rectangular coordinate system in E%. Since g is an indefinite metric, 
recall that a vector v € E$ can have one of the three causal characters; it can be space-like if 
g(v,v) > 0orv = 0, time-like if g(v, v) < 0 and null (light-like) if g(v, v)=0 and v 4 0. Similary, 
an arbitrary curve a = a(s) in E§ can be locally be space-like, time-like or null (light-like), 
if all of its velocity vectors a’(s) are respectively space-like, time-like or null. Also, recall the 


norm of a vector v is given by ||v|| = \/|g(v, v)|. Therefore, v is a unit vector if g(v,v) = +1. 
Next, vectors v, w in E3 are said to be orthogonal if g(v, w) = 0. The velocity of the curve a(s) 
is given by ||a’(s)||. The Lorentzian hypersphere of center m = (m1,m2,m3,™m4) and radius 
r € Rt in the space E} defined by 


S3(m,r) = {a = (a1, A2,3, 4) € E3 :g(a—m,a—m) = ry. (2) 


Denote by {T(s), N(s), Bi(s), Bo(s)} the moving Frenet frame along the curve a(s) in the space 
E$. Then T, N, B,, Bo are, respectively, the tangent, the principal normal, the first binormal and 
the second binormal vector fields. Space-like or time-like curve a(s) is said to be parametrized 


by arclength function s, if g(a’(s),a/(s)) = +1. For a partially null unit speed curve in E%, 


following Frenet equations are given in [5] 


T’ 0 K 0 O T 
N' K 0 rT 0 N 
- (3) 
Bi 0 0 o 0 By, 
Bs 0 -egrT O -a Bo 


where T, N, B, and Bz are mutually orthogonal vectors satisfying equations 
g(T,T) =e, = +1, 9(N, N) = €2 = +1, whereby e€2 = —1 
g( Bi, Bi) = g( Bo, Bo) = 0, 9(Bi, Bo) = 1. 

And here, «&,7 and o are first, second and third curvature of the curve a, respectively. The 
set {K,7,0,T(s), N(s), Bi(s), Bo(s)} is called Frenet apparatus of the curves. Let » and 6 be 
partially null unit speed curves in EF}. y is an involute of 6 if y lies on the tangent line to 6 at 


d(so) and the tangents to 6 and y at 6(so) and y are perpendicular for each so. y is an evolute 
of 6 if 6 is an involute of y. And this curve couple defined by y = 6+ AT. 

In [5] authors gave a characterization about partially null curves with the following state- 
ment. 

Theorem2.1. A partially null unit speed curve y(s) in FE} with curvatures k 4 0, T #0 
for each s € J C R has o = 0 for each s. 


§3. Vector product in semi-euclidean space EF} 


Definition 3.1. Let a = (a1, a2, a3, a4), b = (b1, be, bs, b4) and c = (c1, C2, c3, C4) be vectors 
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in E§. The vector product in E% is defined with the determinant 


where €1, €2, 3 and e4 are mutually orthogonal vectors (coordinate direction vectors) satisfying 
equations 
ei Neg \e3 = €4 , €C2Ne3 AN e€4=—€1,€e3Ne4N\€1 = —€2 , C4 AN €1 A €2 = —€3. 
Proposition 3.2. Let a = (a1, d2, 43, a4), b = (b1, ba, bs, ba), ¢ = (C1, C2,¢3,C4) and d = 
(d,,d2,d3,d4) be vectors in E}. From the definition of vector product, there is a property in 


the space E$ such as 
g(aN bAc,a) =g(aAbAc,b) = g(aAbAc,c) =0. (5) 


Proof of above proposition is elementary. Using definition, it can be easily obtained. 


84. A method to calculate Frenet apparatus of partially 


null curves in E5 


Let a = a(s) be a partially null unit speed curve in E3. By means of Frenet equations and 
Theorem 2.1, let us calculate following differentiations respect to s. 


da 


= “aia = 
qs 7% (s) =T. (6) 
da 
FES => a” (s) = KN. (7) 
da 
—, =a!"(s)= n° T +N + «7B. (8) 


Using (7), we easily have first curvature and principal normal, respectively, 


K = |la"(s)|], (9) 
N= os) (10) 


Considering (4), we form following expression 


—-T -N B, Bo 
1 0 0 0 
0 1 0 0 
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Taking the norm of both sides, we get second curvature and second binormal as 


TANAd” 
= 12 
2 PAN Aa? 02) 

|TAN Aad” | 
ae 7 (13) 

Ila’"|| 
And, last using vector product we have first binormal as follow: 

Bi =NATA Bz. (14) 


§5. Determination of Frenet apparatus of partially null 


involute-evolute curve couples in E 


Theorem 5.1. Let y and 6 be partially null unit speed curves in E} and y be evolute of 6. 
The Frenet apparatus of y ({Z,, Ny, Big, Boy, Ki, Te, Tp }) can be formed by Frenet apparatus 
of 6 ({T, N, Bi, Bo, K,7,o}). 

Proof. From Theorem 2.1 we know that o, = 0 = 0. Then, considering definition we 
write that 


p=otXTQ. (15) 
Definition of involute-evolute yields that T, . T’. Using this and differentiating (15) respect 
to s, we have 
1+ =0. (16) 
Thus, we easily find \ = c— s, where c is constant. Rewriting (15) and differentiating it, 


we get 


ds 
ode =(c—s)KN. (17) 


Taking the norm of both sides of (17), we obtain 


T.=N (18) 
and 
dy dsy 
— = . 1 
Is ds (c— s)k (19) 


Considering presented method we calculate following derivatives. (Here ’ denotes derivative 


according to s) 


yo" = (e— s)K*T + [(c— s)n’ — Kk] N+ (c— 8)K7 By. (20) 
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gi" = [-2n? + 3(ce- s) KK] T+ [—2n" +(ce—s)K3+(ce- s)K”] N 


(21) 
+ [-2K7 + 2(c— s)K’r + (C— 8)K7'] By 
(20) gives us first curvature and the principal normal of y as 
= 24 / 24 2 e272 
Rip (c — s)?K4 — [(c— s)K’ — K]” + (C— 8)?K 27 (22) 


and 


ae (c— s)K?T + [(c— 8)K’ —K] N+(c—s)K7By (23) 


J (c 8)?K4 [(c s)k/ K]? + (c 7 3)2x272 2 


The vector product of T, A Ny A y” implies that 


— ¢)2~4 ! 
Ty \NgA yl" _ eee (=) Bo. (24) 
2 


Taking the norm of (24) and considering (22), we have second curvature and second binor- 


mal of y 
— 9)2 4 ! 
ee 05) 
Kp kK 
and 
Boy = Ba. (26) 
Let us form 
—T —N By, By 
1 c—s)K? (c—s)k’—k (c—s)KT 0 
Ny AT pA Boy = -— ae i a a (27) 
Ky 0 1 0 0 
0 0 0 1 


And therefore, we have 


Biv => [ a KBy] (28) 
K 
This result completes the proof. 
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81. Introduction and result 


The Nérlund numbers N,, and the Bernoulli polynomials BY (x) of order k are defined, 


respectively, by (see [1], [4], [7]) 


t en 
—— Nn—, 1 
(1 + ¢) log(1 + t) dX n! (1) 
and 
as x tat” 
wt — \~ BO) (x) _. 2 
(aq) “= Lares () 
The numbers BY) = B® (0) are the Bernoulli numbers of order k, BS) = B,, are the 
ordinary Bernoulli numbers, and b,, = a (1) are the Bernoulli numbers of the second kind. 


By (1) and (2), we can get (see [4], [7]: 
N, = BM, (3) 


Stirling numbers of the first kind s(n,k) can be defined by means of (see [1], [3], [5]) 


2(a—1)(e —2)-+-(e@—n +1) = }> s(n, k)2*, (4) 
k=0 
or by the generating function 
ko . x” 
(log(1+a))* =k S© s(n, k)—. (5) 


n=k , 
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It follows from (4) or (5) that 


s(n,k) = s(n—1,k —1) —(n—1)s(n—-1,k), (6) 
with s(n,0) = O(n > 0), s(n,n) = 1,8(n,1) = (-1)""1(n — 1)\(n > 0), s(n, k) = O(k > n or 


k <0). 
Stirling numbers of the second kind S(n,k) can be defined by means of (see [1], [3], [5]) 


a” = S° S(n,k)2(x—1)(a -2)---(@-k+1), (7) 
k=0 


or by the generating function 


(e? —1)* =KS- S(n, b, (8) 
n=k ‘ 
It follows from (7) or (8) that 
S(n,k) = S(n-1,k-1)+ kS(n—-1,k), (9) 


with S(n,0) = 0(n > 0), S(n,n) = 1, S(n,1) = 1(n > 0), S(n,k) = O(k > n or k < 0). 
Associated Stirling numbers of the first kind d(n, k) and associated Stirling numbers of the 
second kind b(n, k) are defined, respectively, by (see [1], [3]) 


Co 


(log(1 +2) —2)* =k! > (-1)"-*d(n, Be, (10) 
n=2k . 
and - 
(ce? -1-2)* =a b(n, k) (11) 
n=2k : 
It follows from (10) and (11) that 
d(n, k) = (n —1)d(n — 2,k —1) + (n— 1)d(n —- 1,k), (12) 


with d(n,0) = O(n > 0), d(0,0) = 1,d(n,1) = (n—1)!(n > 1), d(n,k) = 0(2k > n or k < 0). 
and 


b(n, k) = (n—1)b(n —2,k —1) + kb(n —1,k), (13) 


with b(n, 0) = 0(n > 0), b(0,0) = 1, b(n, 1) = 1(n > 1), b(n, k) = O(2k > n or k < 0). 
In [7] the following recurrence formulas for Nérlund numbers JN,, are found: 


n—-1 4 n 
nNn _ (—1)* Ne win _ n Nx 
(1) oe Seen ee =a) al De kb} kl 


k=0 


Howard [2], on the other hand, obtained relationships between Norlund numbers N,, and 
Stirling numbers of the first kind s(n, k), and the Bernoulli numbers of the second kind by: 
wo Ne eDis(mk) yd > s(n+1,2k+1) 
ni t] n k a 1 
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AT 


and 
Nn =m! S—(-1)"*be, — !bn = Nn + 2Np-1. 
k=0 


In [6], Liu obtained some computational formulas for Nérlund numbers N,,: 


n—-1 


7 ee cess) 
a a! ; (nth! 


“nik! 
Nn = > mae +k,n)S(n,k), 


n 9 
Ayr (7S +h, 


Nn = 


b(n + k, k). 


The main purpose of this paper is that to prove an computational formula for Norlund 


numbers. That is, we shall prove the following main conclusion. 
Theorem. Let n > 1 be integers. Then we have 


§2. Proof of the Theorem 


Proof. Writing 


k 
2t Lp(r)t 
& :) a pa U! 
l=0 
and 
co 4m 
i m 
é€ =r al 
m=0 
Then 
k k fo) 
t —k k Iplk)m{ ™ ” 
(4) =" EYES Y tere (DS 
r=0 n=0l+m=n 


fo kw ee (BV ong VE 
> (: “So )aas (2) ) . 


n=0 


(14) 
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whence 


n—-1 


k 
? k ; 
BE) —9-k S- (") 2! B®) s- (*) prt gn—k plkok 
i=0 r=0 


on separating the term with | =n. Hence 


n—-1 k 
1 n k 
k) _ 1 lk) n—l 
B® = oe (7) 281 > (fr . 


1=0 
Using the known formula ([7]) 


W(n-—1-—D)! 


(m1) s(n,n—l) (L<n), 


BO = 


in (15) completes the proof of Theorem. 
Remark 1. Taking & = 1 in (15), we have 


n-1 
1 n 
By, = = 2! By. 
2(1 — 2") s (1) 
1=0 
Remark 2. Taking k =n+1,n+2,--- in (15), and note that (16) and 
Bott) = (—1)"al, 


1 1 1 
" 8 a n+l 
(see [7]), we have 
n-1 n+1 
1 
So 2is(nt1n+1—-) >> ("* jn = (-1)"nl2"*4(1 — 2"), 
l=0 r=0 . 
n-1 n+2 
2'(n + 1-1) nt+2\ , 1 
S- | s(nt2,n+2-l) > " 
l=0 r=0 
1 1 1 
= —1)"n lo"? (1 gn 1 f fp. ‘ 
eae | ( a° 3 n+ :) 
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Abstract A Q(Sk,Cs,,Csz,-++ ,Cs,) graphs be a graph abtained from S; whose every one 


degree vertex attached one cycle C;(i = 1,2,--- ,k). In this paper, we determine the lower 
and the higher bound for the Merrifield—simmons index in Q(Sx,C's,,Cs.,°-++ ,Cs,) graphs in 
terms of the order k, and characterize the Q(Sk,Cs,,Cs.,:-: ,Cs,) graphs with the smallest 


and the largest Merrifield—simmons index. 
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81. Introduction 


Let G = (V,F) be a simple connected graph with the vertex set V(G) and the edge set 
E(G). For any v € V,Ne(v) = {u | wv € E(G)} denotes the neighbors of v, and dg(v) = 
| Ne(v) | is the degree of v in G; Ne[v] = {v} U Ne(v). A leaf is a vertex of degree one and 
a stem is a vertex adjacent to at least one leaf. Let Ec E(G), we denote by G — E’ the 
subgraph of G obtained by deleting the edges of E’.W C V(G), G— W denotes the subgraph 
of G obtained by deleting the vertices of W and the edges incident with them. If a graph G has 
k 


components G1, G2,--- ,Gz, then G is denoted by U G;. P, denotes the path on n vertices, 
i=1 
C;, is the cycle on n vertices, and S;, is the star consisting of one center vertex adjacent to n—1 


leaves and T;, is a tree on n vertices. 

For a graph G = (V,E), a subset S C V is called independent if no two vertices of S$ 
are adjacent in G. The set of independent sets in G is denoted by I(G). The empty set is 
an independent set. The number of independent sets in G, denoted by o—index, is called the 
Merrifield — Simmons index in theoratical chemistry.the Q(5;,Cs5,,Cs,,°°+ »Cs,) graphs is 
abtained from S; whose every one degree vertex attached one cycle C,,(¢ = 1,--- ,k). 

The Merri field— Simmons index [1-3] is one of the topogical indices whose mathematical 
properties were studied in some detail [4-12] whereas its applicability for QSPR and QSAR was 
examined to a much lesser extent; in [2] it was shown that o—index is correlated with the 
boiling points. 

In this paper, we investigate the Merri field— Simmons index on Q(Sx,Cs,,;Cs.,°++ » Cs, ) 


» Us, 


graphs. We characterize the Q(S%,Cs,,Cs,,+-* ,Cs,) graphs with the smallest and the largest 
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Merrifield-Simmons index. 


§2. Some known results 


We give with several important lemmas from [2-6] will be helpful to the proofs of our main 
results, and also give three lemmas which will increase the Merrifield-Simmons index. 
Lemmaz2.1.”) Let G be a graph with k components G1,G2,--- ,Gx, then 


Lemma 2.2.4] For any graph G with any v € V(G), we have o(G) = o(G—v)+o0(G—[v}), 
where [v] = Ne(v) Uv. 

Lemma 2.3./5] Let T be a tree, then Fy42 < o(T) < 2"! +41 and o(T) = Fri if and 
only if T & P, and o(T) = 2”-! +1 if and only if T & Sp. 

Lemma 2.4.5] Let n = 4m + i(i € {1,2,3,4}) and m > 2, then 
o((Pr,v2,T)) > o((Pn,v4,T)) > +++ > O((Pr,Vam4ap,T)) > +++ > O((Pa,vem41,T)) > 
o((Pn,v3,T))> o((Pr,v1,T)), where p= 0 ift =1,2 and p=1 if i =3,4. 

_14+Vv5 1-V5 
2 


Lemma 2.5.!! Let a = 5 and 3 = 


F,, and Lucas number L,,, we know 


and by definition of Fibonacci number 


qr — Br 
i, = ——— , In =a" + FE, in = 
V5 B 
Lemma 2.6. Let G is Q(S3, Cs, Ci, Ch) graphs with n vertices, then 
o(Q(S3,Cs,Ci,Cr)) = (Pega + Fs—1) (Fina + Fi-1)(Phia + Fa_1) + Foi Fini Figs. 
Proof. From the lemmas 2.1 and 2.2, we have 


1 n 
5 (Lntm ~ (—1) . Lm—n)- 


0(Q(S3, C's, Ci,Ch)) = LeLiln + Fs41Fi41F hts. 


From the lemma 2.6, we have Ly = P41 + Fs—1, 1 = Fr4i + Fi-1, Lp = Fh4i t+ Fh-i, so 
a(Q(S3,.C's; Cy Cp)) = eae + Py) ia + a a + a) + ee 


e@, .e ® 

* Cay e o Cs, e os, e 

Ze es a 
G 


Cs, 4...+5~—4k+4 Cor t.tsp—8h43 


Gi Go 


Picture 2.1 
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Lemma 2.7. Let G = C,, UCs;, U---UCs, graphs and Gy = CyU Cy, U---UC4U 
Co, 4894+--+8,—4(k—-1) graph as shown picture 2.1 where k — 1 are numbers of C4, then o(G,) > 
o(G) and o(G,) = o(G) if and only if G; =G. 
Proof. If k = 2, then 
o(G) = Ls, Ln—s, 
= (Fs,41 + Ps,-1)(Fn—si41 + Fn—s,-1) 
= Pega Pasig + Ps, 41 PF n—s,-1 + Fs,-1F ns, 41 + P's)-1 FP n—sy-1 
=e |e a) bgt, Da 1) eg 8) a FR) ye) 
+(Ln—2 + (—1)*!Ln—2s1)] 
= =[(Lnpo + 2Lyn + Ena) + (—1)**(2Ln_25, + En—2s,-2 + En—25,42)]- 
From above, we know that the result is correct if kK = 2. We presume that the result is correct 
if K =k, then if K =k+1, we have 


a Fy aes DC Sere oe, Se 
a(Gi) = LO gis Se oes il 
(Gi) — o(G) = DEL sy +59-4---+5441—4k _ Li Dp chep ate ay lag os 
= Lg" (LaL sy +504---+0n41-46 — Loy tent-t5n—M(b—1) Lona) 
= (yim (Co at fia | Co abana a ae Berea eh) 


—_ (py Sitsete+sp—4(k-1) 81 +82+---+5,—4(k—-1) Sk41 Sk+1 
(a + Jars pg | 


SU bis ss eet i a 1 De Gate el ae as) 
> 0. 
From above, we know that the result is correct. 
Lemma 2.8. Let G = Cs, UCs, U---UCs, graphs and Gg = C3 UC3 U---U C3 U 
C5, 4594+---+8.—3(k—-1) graph as shown picture 2.1 where k — 1 are numbers of C3, then 
o(G) > o(G2) and o(G) = o(G2) if and only if Gz =G. 
Proof. If k = 2, from the lemma 2.7 we know that the result is correct. 


We presume that the result is correct if kK = k, then if K = k+1, we have 


k+1 k 
o(G) = Il a(Cs,) = [[o@:.) HOC oi) 2 0 gas Serre ee ee OO 
i=1 i=l 


—_ Tk 
a(G2) = Deg Digit 5, tobi Ble 
k-1 k 
o(G) _ a(G2) 2 L; Log, 4594--+5,—3k4+3U 55,44 _ D3 D5) 4594+---+8p41—3k 


k-1 
=L; Dyictag te tag- Sees _ Pal et cepa ae) 
= LE (geet eee) ie Gortsattse—3(k—-1) (gSet1 + G5e+1) 


—(a3 + GB \(qkitsa tee ae a Goitsat-+se4+1—3k)) 


ST ipsa one Hgts T (1) bg, + Sg +++++ 8, —3k—3 Sk41) 
> 0. 


From above, we know that the result is correct. 
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§3. The graph with the largest Merrifield-Simmons index 
in Q(Sk, Cas Css eg Ca) graphs 


In this section, we will find the Q(S%,Cs,,Cs,,--- Cs, ) graphs with the largest o—index 
in Q(S%,C's,,Cs.,°** »Cs,) graphs. and give some good results on orders of o—index. 

Definition 3.1. Let Q(Sx,Cs,,Cs,,--+ ,Cs,) graphs be a graph abtained from S; whose 
every one degree vertex attached one cycle C;(i = 1,2,--- ,&) as shown Picture 3.1. 


Gait Pep ae ea 
Q(Sks Coy 1 Csa5 +» Cox) ON Sip Cd rig COs crys ala) 


Picture 3.1 
Remark: Above graphs will be used frequently in this paper. 
Theorem 3.1. Let s is constant and | = 4j + 7,7 € {1,2,3,4} and j > 2. Then 
0(Q(S3, Cs, C4, Cn—s—s)) > 0(Q(S3, Cs, Ce, Cn—s—7)) 
> +++ > 0(Q(S3, Cs, C2j429, Cn—s—2j-2p-1)) > 0(Q(93, Cs, Caj41; Crn—s—2j-2)) 
>+++ > o(Q(S3, Cs, C5, Cn—s—6)) > o(Q(S3, Cs, C3, Cn—s—4)), 
where p =0 ift=1,2 and p=1 if7=3,4. 
Proof. From Lemma 2.6, we have 
a(Q(53, Cs, Cr, Ca—s—t_1)) 
= (Pasa + Fs—1)( Fina + Fi-1)(Pra—s-i + Fn—s—i-a) + Fosa Fis Fn—e-t 
= Pep Pipa Pn—s-i + Fs41Figi Pn—-s—i-2 + Psp i Pi-1Fn-s-i + Fs414i-1 FP n—-s-i-2 
tPF iP t Pe i Pei + Pe aa Pe + ea ii 
From Lemma 2.5, we have 
o(Q(S3,Cs, Ci, Cn—s—i-1)) 
= = Foe (En—o41 — (-1)"* Ln e—2i-1) + Fog (Ln—e-1 — (—1)4* Ln—o—21-a) 
+F541(Ln—s—1 — (—1) 1 £n—s—ai41) + Fs—1(Ln—s41 — (—1)'t£n—s—2i-1) 
+F—1(Ln—s—1 — (—1)97*2Lp—s—2ig1) + Fs-1(Ln—s—1 — (—1)'4*Ln—s—ai-3) 
+ F541(Ln—s—3 — (—1)' 1 Ly—s—21-1) + Fs—1(LZn—s—3 — (-1)7*Ln—s—21-1)] 
= (QF e41Ln—o41) + (2Fo4Ln-o-1) + (FoaLn-ota) + (2Fs1En—0-1) 
+(Fe412Ln—o—3) + (Fe-1Ln—a—3) + (-1)'(8F 41 2n—s—ai-1 + Foti ln—o—ai-s 
oP ig Ot ae pe eg Pee - 
From above, we know that the result is correct. 
Theorem 3.2. Let s = 2j+7,i € {1,2,3,4} and 7 > 2, then 
o(Q(S3, C4, C4, Cn—9)) > 0(Q(S3, Ce, Ca, Cn—11)) 
> +++ > a(Q(S3, Coj42p, Ca, Cr—2j-2p-5)) > 7(Q(S3, Caj41, C4, Cn—2j-6)) 
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>-++ > 0(Q(S3, C5, C4, Cn—10)) > 7(Q(S3, C3, Ca, Cr_—s)), 
where p = 0 ift=1,2 and p=1 if7=3,4. 
Proof. From lemma 2.6, we have 
a(Q(53, Cs, Ca, Cr_s—s)) 
= 2F 41 F5Fy—s—a + Psp. F5Fn—s—6 + P's4i1 F3Fn—s—a + Ps—1F 5 Fn—s—a 
+313 Fp-s—a t+ F's—1 5 FP n—s—6 + Ps41 F3Pn—s—6 + Fs—1 83 Fn—s—6 
= 12F 541 FP y—s—a + TP s—-1 PF n—s—4 + TP's41 FP n—s—6 + TPs—1F n—s—6 
7 S[12Ln-s — (-1)°*1 En—2e—5) + 7(En—s — (—1)°*En—20-3) 
Pie) aap Pag = pete a) 
= S((12Ln-s IAD oe Thee) 
+(-1)§(19Lp—2s—5 + TEn—as—3 + TLn—2s-7)]. 
From above, we know that the result is correct. 
Corollary 1. The Q($3,C.,C;,Cn—s—i_1) graphs with the largest o— index is 
Q(S3, C4, C4, Cn—9). 
Theorem 3.3. Let n > 4k, then 
OO) Sy Ca, 5. Cagy** 4Ca,)) SOQ Se; Ca, 5 Ca Cay pag 4rnts, age) and 
a(Q(Sk,Cs,,Cs.,°°+ »Cs,)) = 0(Q(Sk, Ca, +++ 5 Ca, Cs, 4554--+5,—4k+4)) if only and if 
O(Sk,Cs1,Csa5°** + Cs.) = Q(Sk,Ca,+++ C4, Csi 4e0+---+84—4h-+4): 
Proof. If kK = 3, we have proofed that the result is correct. We presume that the result is 
correct, if K = k, then if K = k+1 we have 
@(Q (35915 Cas Gags??? Capes) 
= 00 Sats Cay, Cogs * Cag) — Ut) Pol Grats Coy Cop 4 Cop) — ]) 
0 Teter des ee Pees 


SD Wigs bee aed agg 

O(Q(Ska1, Cay-** Ca, Cayton tpansi—4h)) 
= Pes eee ee nee ar 9 Oe ne ee 

o(Q(Sk41, C4, os C4, Cg tayt teak) = 0(Q(Sk41, C5,,Cs; ae pO ag 
2D ial artiste een ae Deptt eniday ana tl yd) 


k-1 

+Fs Oy ee ee eee eee Tes = Py ap egg a6 Pay y tt ) 
k-1 

= Ly (Digg tae tint rg a _ (PM Lig aa ita ARE opag.) 


k—-1 
+i, Chg det daget aed _ (Dg, tgs buoy ae aie) 
k-1 k-1 
= (Ly _ F; NV hige rag earch ages aR = a age ott A dat a) > 0. 
From above, we know that the result is correct. 


§4. The graph with the smallest Merrifield-Simmons index 
in Q(Sk, Css Cans ee ag Ce!) graphs 


In this section, we will find the Q(Sz,Cs,,Cs.,--+ , Cs, ) graphs with the smallest Merrifield- 
Simmons index. 

Theorem 4.1. Let s = 2j + 7,7 € {1,2,3,4} and j > 2, then 
a(Q(S3, C4, C3, Cn—s)) > o(Q(S3, Ce, C3, Cn—10)) 
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> +++ > a(Q(S3, Coj+2p, C3, Cn—25-2p-4)) > F(Q(S3, Caj41, C3, Cn—2j—5)) 
> +++ > a(Q(S3,C5, C3, Cr—9)) > o(Q(S3, C3,C3,Cn—-7)), 
where p= 0 ift=1,2 and p=1 if7=3,4. 
Proof. From lemma 2.6, we have 
a(Q(53, Cs, C3, Cr_s—a)) 
= 241 Fa Fn—s—3 + Psy1 Fa Pn—s—s + Fs41 Fo Fn—s—3 + Ps—1 Fs Fn—s—3 
+P y_1 Fo Fy—s—3 + Fs—1 Fa Fn—s—s + Fs41 Fo Pn—s—5 + Fs—1F2Fn—s—s 
= TFs41Fy—s—3 + 4541 p—s—5 + 4F s—1 PF n—s—3 + 4Ps_1 FP n—s—5 
Mt inca Uae Ag et) 
+4(Ln-4 _ (rr ae5) T A(In—6 _ (=1)?-"Dp-aa—a)| 
et) ae ee 
TAT pee PA we ey 2g 
From above, we know that the result is correct. 


Ole 


C5, 4...455—3k+3 


Q(Sk, C511 Cs; ed Cs) Q(Sk, C3, ee Cs, Cache Bei) 


Picture 4.1 

Theorem 4.2. Let n > 4k, then 
OOS Coi5. Cag??? 4 Ca) 2 OOS Ca, = 9 Cay Caey tig, anes) and 
GO Sieg. Cage, Cn, =O OG: Os ,299 Os, Onion noche ais)) 
if only and if Q(S%,Cs1;Cs.,°** » Ca.) = Q(Sk, C3, C3,° ++ Cs, 4504---+5,—3k+3): 

Proof. If kK = 3, we have proofed that the result is correct. We presume that the result is 
correct, if K = k, then if K = k+1 we have 
OO) Sh tty Cay Cag? Capen) 

= 0(Q(Sk41, C51, Cs95°** > Cougs) — ¥) + O(Q(Sk41, Coys Csa°** + Csn41) — [v]) 

> (0p Dyula Ba + Be Pe agate ahd) Faget 


1A Dei onpic bay BRISF oa 
0(Q(Sk41, Cages: C3, Opes tibia 8k) 
= Sag A ct a a or og eee eee eee ee 
o(Q(Sr41, C3, ee C3, Oitasttt apy th,)) _ o(Q(Sk41, C15 Coa; — 5 Osigies)) 
S meg | ieee eee eee) ~ [nae ere oe: Cees + Pegi) 


k-1 
ap (Ao Pay Poh ug Bie - Pei tapt oot ap Sh apa tt) 


Sktif, 


k-1 
= Ls ees eee — (=) Cee tear e ee ee eee 
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k-1 
aa (SD dsptedagss a8 =, (Did oan ay tet aes) 
k-1 k-1 
(Ls ~ Fy Neg eta ig _ Co tage ieee eeee ae.) te ar ee <0. 


From above, we know that the result is correct. 
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A new critical method for twin primes 
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Abstract For any positive integer n > 3, if n and n+ 2 both are primes, then we call that 
n and n+ 2 are twin primes. In this paper, we using the elementary method to study the 
relationship between the twin primes and some arithmetical function, and give a new critical 


method for twin primes. 


Keywords The Smarandache reciprocal function, critical method for twin primes. 


81. Introduction and result 


For any positive integer n, the Smarandache reciprocal function S.(n) is defined as the 
largest positive integer m such that y | n! for all integers 1 < y <_m, and m4+1{n!. That is, 
S-(n) = max{m: y|n! for alll <y<m, and m+17n!}. From the definition of S.(n) we 
can easily deduce that the first few values of S,(n) are: 


S.(1) =1, S-(2) =2, S,(3) =3, S.(4) =4, S$.(5) =6, S.(6) =6, 
S.(7) = 10, S-(8) =10, S.(9) = 10, S-(10) =10, S,(11) = 12, S.(12) = 12, 
S.(13) = 16, S-(14) =16, S3(15) = 16, S.(16) = 16, S.(17) = 18, ----- 


About the elementary properties of S.(n), many authors had studied it, and obtained a 
series results, see references [2], [3] and [4]. For example, A-Murthy [2] proved the following 
conclusion: 

If S.(n) = x and n 43, then x + 1 is the smallest prime greater than n. 

Ding Liping [3] proved that for any real number x > 1, we have the asymptotic formula 


Y Se(n) = 5-0? +0 (ni). 
n<ax 


On the other hand, Jozsef Sandor [5] introduced another arithmetical function P(n) as 
follows: P(n) = min{p: n |p!, where p be a prime}. That is, P(m) denotes the smallest prime 
p such that n | p!. In fact function P(n) is a generalization of the Smarandache function S(n). 
Its some values are: P(1) = 2, P(2) = 2, P(3) = 3, P(4) = 5, P(5) = 5, P(6) = 3, P(7) =7, 
P(8) = 5, P(9) =7, P(10) = 5, P(11) = 11, ---. It is easy to prove that for each prime p one 
has P(p) = p, and if n is a square-free number, then P(n) = greatest prime divisor of n. If p 
be a prime, then the following double inequality is true: 


2p+1< P(p?) <3p-1 (1) 
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and 


S(n) < P(n) < 2S(n) —1. (2) 


In reference [6], Li Hailong studied the value distribution properties of P(n), and proved 


that for any real number z > 1, we have the mean value formula 


> (P(r) - Pin)’ = ; <(5) . ae (| : 


n<u 


where P(n) denotes the largest prime divisor of n, and ¢(s) is the Riemann zeta-function. 

In this paper, we using the elementary method to study the solvability of an equation 
involving the Smarandache reciprocal function S.(n) and P(n), and give a new critical method 
for twin primes. That is, we shall prove the following: 

Theorem. For any positive integer n > 3, n and n+ 2 are twin primes if and only if n 


satisfy the equation 


S.(n) = P(n) +1. (3) 


§2. Proof of the theorem 


In this section, we shall prove our theorem directly. First we prove that if n (> 3) and 
n+ 2 both are primes, then n satisfy the equation (3). In fact this time, from A.Murthy [2] we 
know that S.(n) =n+1 and P(n) =n, so S.(n) = P(n) +1, and n satisfy the equation (3). 

Now we prove that if n > 3 satisfy the equation S.(n) = P(n) +1, then n and n+ 2 both 
are primes. We consider n in following three cases: 

(A) If n = q be a prime, then P(n) = P(q) = q, and S.(q) = P(q)+1=¢+4+1, note that 
q > 3, so from [2] we know that qg+ 2 must be a prime. Thus n and n+ 2 both are primes. 

(B) If n = q*, gq be a prime and a > 2, then from the estimate (2) and the properties of 
the Smarandache function S(n) we have 


P(q*) < 2S (q*) —1 < 2aq-1. 
On the other hand, from [2] we also have 
S.(q*) > q* +2, ifg>3; and S.(2%) >2%+1. 
If S.(¢*) = P(q%) +1, then from the above two estimates we have the inequalities 
g° +3 < 2aq (4) 
and 
2% +2 < 4a. (5) 


It is clear that (4) does not hold if g > 5 (¢ = 3) and a > 2 (a > 3). If n = 3?, then 
S.(9) = 10, P(9) = 7, so we also have S.(9) 4 P(9) +1. 
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It is easy to check that the inequality (5) does not hold ifa > 4. S.(2) # P(2)+1, 
S-(4) # P(4) +1, S-(8) # P(8) +1. 

Therefore, if n = q*, where q be a prime and a > 2 be an integer, then n does not satisfy 
the equation (3). 

(C) If n = pf - pg? ---pe*, where k > 2 be an integer, p; (i = 1, 2, ---, k) are primes, and 
a; > 1. From the definition of S.(n) and the inequality (2) we have S.(n) > n and 


P(n) < 28(n) -—1=2- nee Ca et ee max {aupi =i; 
So if n satisfy the equation (3), then we have 
n<S.(n) = P(n)+1<2-S(n) <2- max {aap} 
Let max {oupi} =a-pandn=p*- n,n; > 1. Then from the above estimate we have 
p°-ny <2-a-p. (6) 


Note that n has at least two prime divisors, so n; > 2, thus (6) does not hold if p > 3 and 
a> 1. If p= 2, then n; > 3. In any case, n does not satisfy the equation (3). 
This completes the proof of Theorem. 
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Abstract A space X is an No-space if and only if X is a sequence-covering, compact-covering 


mssc-image of a relatively compact metric space. This sharpens the main result in [3]. 


Keywords Relatively compact metric, separable metric, No-space, mssc-mapping, sequence 


-covering, sequentially-quotient, compact-covering. 


81. Introduction 


An investigation of relations between spaces with countable networks and images of sepa- 
rable metric spaces is one of interesting questions on generalized metric spaces. In the past, E. 
Michael [9] proved that a space is an No-space if and only if it is a compact-covering image of 
a separable metric space. Recently, Y. Ge sharpened this result as follows. 

Theorem 1.1.((3], Theorem 12) The following are equivalent for a space X. 

(1) X is an No-space. 

(2) X is a sequence-covering, compact-covering image of a separable metric space. 

(3) X is a sequentially-quotient image of a separable metric space. 

Taking this result into account, the following question naturally arises. 

Questions 1.2. Can “separable metric” , or “image” in Theorem 1.1 be replaced by 
stronger ones? 

In this paper, we affirmatively answer Question1.2 by proving that a space X is an No-space 
if and only if X is a sequence-covering, compact-covering mssc-image of a relatively compact 
metric space. This sharpens the main result in [3]. 

Throughout this paper, all spaces are regular and 7,, N denotes the set of all natural 
numbers, w = NU {0}, and a convergent sequence includes its limit point. Let P be a family 
of subsets of X. Then UP, and ()P denote the union U{P : P € P}, and the intersection 
(iP: P © P}, respectively. A sequence {x,, :n € w} converging to xo is eventually in AC X, 
if {vn :n > no}U {xo} C A for some ng € N. 


For terms are not defined here, please refer to [2][13]. 


60 Nguyen Van Dung No. 2 


§2. Main results 


Definition 2.1. Let P be a collection of subsets of a space X. 

(1) P is a pseudobase of X [9], if for every compact subset AK and K C U with U open in 
X, there exists P € P such that KC P CU. 

(2) For each x € X, P is a network at x in X, if x €()P, and if « € U with U open in X, 
there exists P € P such that re PCU. 

(3) P is a cs-network of X [4], if for every convergent sequence S converging to 7 € U with 
U open in X, there exists P € P such that S is eventually in P C U. 

(4) P is a k-network of X [10], if for every compact subset K and K C U with U open in 
X, there exists a finite F C P such that K CUF CU. 

Definition 2.2. Let X be a space. 

(1) X is relatively compact, if X is compact. 

(2) X is a k-space [2], if F C X is closed in X whenever F'N K is closed in K for every 
compact subset K of X. 

(3) X is an No-space [9], if X has a countable pseudobase. 

Remark 2.3. 

(1) It follows from [12, Proposition C] and the regularity of spaces that a space X is an 
No-space if and only if X has a countable closed k-network (cs-network). 

(2) It is easy to see that “compact metric > relatively compact metric > separable metric” , 
and these implications can not be reversed from Example 2.8 and Example 2.9. 

Definition 2.4. Let f : X —- Y be a mapping. 


(1) f is an mssc-mapping [6], if X is a subspace of the product space it X», of a family 


neN 
{X,, : n € N} of metric spaces, and for each y € Y, there is a sequence {Vy : n € N} of 


open neighborhoods of y in Y such that each Pa(f—!(Vy,n)) is a compact subset of X,,, where 
Dn: [[%% — X~y,, is the projection. 

icN 

(2) f is a sequence-covering mapping [11], if for every convergent sequence S in Y, there 
exists a convergent sequence L in X such that f(L) = S. 

(3) f is a pseudo-sequence-covering mapping [5], if for every convergent sequence S in Y, 
there exists a compact subset K of X such that f(A) = S. 

(4) f is a subsequence-covering mapping [8], if for every convergent sequence S$ in Y, there 
exists a compact subset K of X such that f(A) is a subsequence of S. 

(5) f is a sequentially-quotient mapping [1], if for every convergent sequence S in Y, there 
exists a convergent sequence L in X such that f(L) is a subsequence of S. 

(6) f is a compact-covering mapping [9], if for every compact subset K of Y, there exists 
a compact subset L of X such that f(L) = K. 

Theorem 2.5. The following are equivalent for a space X. 

(1) X is an No-space. 

(2) X is a sequence-covering, compact-covering mssc-image of a relatively compact metric 
space. 


(3) X is a sequentially-quotient image of a separable metric space. 
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Proof. (1) = (2). Since X is an No-space, X has a countable closed cs-network P; and 
a countable closed k-network Pz by Remark 2.3. Then P = P; U P2 is a countable closed 
cs-network and k-network of X. Put P = {P,;:i¢ N}, and put Q; = {P;:j <i}U{X} = 
{Qa : a € A;}, where each A; is a finite set. Then X € Q; C Q;41. Let every A; be endowed 
with the discrete topology. Put 


M= {a = (aj) € [[4: :{Qa, : i © N} forms a network at some point rq € x}. 
icN 


Then M, which is a subspace of the product space II Aj, is a metric space. Since X is T; and 


regular, tq is unique for each a € M. We define f MM — X by f(a) = 2, for each ae M. 

(a) f is onto. 

Let « € X. For each i EN, let Qa, = P; if x € P; € Q;, and otherwise, Qa, = X. Then 
a; € A; for each i € N, and {Qg, : i € N} forms a network at x in X. Put a = (a;), thena € M 
and f(a) =. 

(b) f is continuous. 

Let « = f(a) € U with U open in X anda e€ M. Put a = (aj) € [| 4: where {Qa, : 
¢ € N} forms a network at x in X. Then there exists n € N such that ne Qa, C U. Put 
M, = {b= (8;) € M: By = an}. Then M, is an open neighborhood of a in M. For each 
b € Mag, we get f(b) € Qs, = Qa, C U. It implies that f(M,) CU. 

(c) f is an mssc-mapping. 

Let  € X. For each i € N, put V,; = X. Then {V,,; : i © N} is a sequence of open 
neighborhoods of x in X. Since A, is finite, A; is compact. Then p;(f—!(Vz)) = pi(f7'(X)) C 
A; is compact. It implies that f is an mssc-mapping. 


(d) M is relatively compact. 

Since A; is finite, A; is compact. Then II A; is compact, so M Cc Il A; is compact. It 
implies that M is relatively compact. = ~ 

(e) f is sequence-covering. 

Let S = {am :m € w} be a convergent sequence converging to vp in X. Suppose that U 
is an open neighborhood of S$ in X. A family A of subsets of X has property cs($,U) if: 
i) A is finite. 
ii) For each QE A, DFAQNSCQCU. 
iii) For each x», € S, there exists unique Q,,, € A such that xm € Qu,,. 
iv) If r9 € QE A, then S \ Q is finite. 

For each i € N, since A = {X} C Q; has property cs(S,X) and Q; is finite, we can assume 
that 


( 
( 
( 
( 


{A c Q;: A has property cs(S,X)} = {Ajj : 9 = nmi-1t1,...,n¢}, 


where no = 0. By this notation, for each j € N, there is unique i € N such that A;; has property 
cs(.S,X). Then for each j € N, we can put Aj; = {Qa:a € E;}, where E; is a finite subset of 
Aj. 
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For each 7 € N, m € w and z,, € S, it follows from (iii) that there is unique ajm € E; 
such that tm € Qo,, € Aig. Let am = (Qjm) € [4 Cc [| 4. Then {Qa,,, :j € N} isa 
network at x» in X. In fact, let x, € U with a pen in x . If m = 0, then S' is eventually 
in Qz, C U for some Q,, € Q. For each x € S\ Qa, let x € Qz C X \ (S' \ {x}) for some 
Qx € Q. Then G = {Q,,}U{Qz : 2 € S\Qz,} C Q has property cs(S,X). Since G is finite, 
G C Q; for some i EN. It implies that G = A;; for some i € N and some j € {nji_-1+1,..., ni}. 
Since 2m = Lo © Qajor Qajo = Vz. Hence tm = Fo € Qa,, C U. If m #0, then S \ {rm} 
is eventually in Q;, C X \ {am} for some Qz, € Q. For each x € (S \ {am}) \ Qay, let 
x€ Qe CX \(S\ {ax}) for some Qz € Q, and let tm € Qz,, CUN(X \ (S \ {am})) for some 
Quem € Q. Then H = {Qeo} U {Qam}U {Qe : x € (S\ {tm}) \ Quo} has property cs(S, X). 
Since H is finite, H C Q; for some i € N. It implies that 7 = A,; for some 7 € N and some 
gE {ei + Loss}. Since O'S Qa, Gey, = Qa,- Hence tm € Qa,,, CU. 

By the above, for each m € w, we get dm = (Qjm) € M satisfying f(@m) = tm. For 
each j € N, since families H and G are finite, there exists m(j) € N such that ajm = ajo if 
m > m(j). Hence the sequence {ajm :m € N} converges to ajo in A;. Thus, the sequence 
{am :m € N} converges to ag in M. Put L = {ay :m € wh, then L is a convergent sequence 
in M and f(L) = S. This shows that f is sequence-covering. 

(f) f is compact-covering. 

Let K be a compact subset of X. Suppose that V is an open neighborhood of K in X. A 
family B of subsets of X has property k(K,V) if: 

(i) B is finite. 

(ii) QN K #90 for each Q EB. 

(iii) K CUBCV. 

For each 7 € N, since B = {X} C Q; has property k(K,X) and Q; is finite, we can assume 
that 


{B C QO; : B has property k(K, X)} = deer j= Ng-1 + Agata tape 


where no = 0. By this notation, for each j € N, there is unique 7 € N such that 6;; has property 
k(K, X). Then for each 7 € N, we can put B;; = {Qa : a € Fj}, where F; is a finite subset of 
Aj. 

Put L = {a = (aj) € [[% : (\(« 1 Qa;) # O}. We shall prove that L is a compact 
subset of M satisfying that F(Z) a K ‘ hence f is compact-covering, by the following facts (i), 
(ii), and (iii). 

(i) L is compact. 

Since EC II F, and II Fj, is compact, we only need to prove that L is closed in II F,. Let 


ieN ieN ieN 
a = (aj) € II F;\ L. Then ( (Kn Qa;) = 9. Since KM Qa, is closed in K for every i € N and 
ieN ieN 
K is compact, there exists ig € N such that () (KN Qoa,;) = 9. Put W = {b= (8;) € [[“ ; 
i<ig ieN 


3; = a; if i < io}. Then W is an open neighborhood of a in Il F, and WNL =9. If not, there 
icN 
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exists b = (6;) Ee WL. Since b € L, ()(KNQz,) # 0, hence () (KNQs,) #0. Since be W, 
icN i<io 
() (KO Qa;) = () (1 Qe,) #9. This is a contradiction of the fact that () (KN Qa;) = 9. 


i<to i<to 


i<i 
(ii) LC M and f(£) CK. 
Let a = (qj) € L, thena € [4 and aleaa Ga) AU Pick 2 (\Ge1 ey) If 
{Qa, : i © N} is a network at x in © then a eM and f(a) =, hence Lc M sha f(L) CK. 
So we only need to prove that {Qa, : 1 € N} is a network at x in X. Let V be an open 
neighborhood of « in X. There exist an open subset W of K such that « € W, and compact 
subsets clk (W) and K \ W such that clk(W) C V and K\W c X \ {a}, where clx(W) is 
the closure of W in K. Since Q is a k-network of X, there exist finite families Q; C Q and 
Q2 C Q such that cle(W) C UQi1 CV and K\W CUQ2 Cc X \ {x}. We may assume that 
QQ K #90 for each Q € Q1U Qo. Put L = Q; U Qs, then L has property k(K, X). It implies 
that £ = B,; for some i € N and some j € {nj;_14+1,...,ni}. Since z € Qa, € Biz, Qa, € Q1, 
thus Qa, C V. This prove that {Qa, : 7 € N} is a network at x in X. 

(iii) K Cc f(L). 

Let « € K. For each i € N, there exists a; € F; such that x € Qa,. Put a = (aj), then 
a€L. Furthermore, f(a) = x as in the proof of (ii). So KC f(L). 

(2) = (8). It is obvious. 

(3) = (2). It follows from [3, Lemma 11]. 

Corollary 2.6. The following are equivalent for a space X. 

(1) X is a k-and-No-space. 

(2) X is a sequence-covering, compact-covering, quotient mssc-image of a relatively com- 
pact metric space. 
(3) X is a quotient mssc-image of a separable metric space. 
Remark 2.7. It follows from Remark 2.3, Definition 2.4, and [3, Lemma 10] that “sequentially- 


9 a 


quotient”, “relatively compact metric”, “image” in the above results can be replaced by “sequence- 
covering” (“compact-covering”, “pseudo-sequence-covering” , “subsequence-covering” ), “separa- 
ble metric”, “mssc-image”, respectively. Then Theorem 2.5 sharpens the main result in [3]. 

Finally, we give examples to illustrate the above results. 

Let R and Q be the set of all real numbers and rational numbers endowed with the usual 
topology, respectively. 

Example 2.8. A relatively compact metric space is not compact. 

Proof. Let M = (0,1) C R. Then M is a relatively compact metric space, which is not 
compact. 

Example 2.9. A separable metric space is not relatively compact. 

Proof. Recall that Q is a separable metric space. Since Q = R and R is not compact, Q 
is not relatively compact. 

Example 2.10. A sequence-covering, compact-covering mapping from a separable metric 
space is not an mssc-mapping. 

Proof. Recall that Q is a non-locally compact, separable metric space. Put M = Qx {0} x 


-x {0} II X;, where X; = Q for each i € N. It is clear that M is a separable metric 
i€N 
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space. Define f : M — Q by f(z,0,...) =a for each x € Q. Then f is a sequence-covering, 
compact-covering mapping from a separable metric space. If f is an mssc-mapping, then, for 
each x € Q, there exists a sequence {V,; : 7 © N} of open neighborhoods of z in Q such that 
each pil f—1(Ve.s)) is a compact subspace of X;. Thus, pilf—1(Ve.1)) is a compact subset of Q, 
so Q is a locally compact space. It is a contradiction. Hence f is not an mssc-mapping. 

Example 2.11. An No-space is not any image of a compact metric space. It implies that 
“relatively compact metric” in the above results can not be replaced by “compact metric”. 

Proof. Recall that R is an No-space. Since R is not compact, R is not any image of a 
compact metric space. 

Example 2.12. An No-space is not any sequence-covering, compact-covering compact 
image of a metric space. It implies that “mssc-image” in the above results can not be replaced 
by “compact image”. 

Proof. Recall that S., is a Fréchet and No-space (see [7], Example 1.8.7, for example). It 
follows from [13, Remark 4] that S,, is not any quotient compact image of a metric space. Then 


X is not any sequence-covering, compact-covering compact image of a metric space. 
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Abstract We settle two conjectures posed by K. Kashihara in his book [1]. The first conjecture 


“ 1 1 
states that Il (1 ) < for all n; while the second one that the sequence of 
Paar Pi Pn+1 — Pn 
n n 2 
2 ; ‘ é 

general term Dj / 23 pi| is convergent. Here p, denotes the nth prime. We will prove 

i=1 i=1 
that the first conjecture is false for sufficiently large n. The second conjecture is true, the 


limit being zero. 


Keywords prime numbers, estimates on primes, convergence of sequences. 


81. Introduction 


Let p, denote the nth prime number. In his book [2], K. Kashihara posed several conjec- 


tures and open problems. On page 45 it is conjectured the following inequality: 


7 1 
Patt — Pn <[] s+, S12). 4s) (1) 
i=1 0 Pt 
A numerical evidence suggests that this inequality may be true for all values of n. However, 
as we will see, for large values of n, relation (1) cannot hold. 


Another conjecture (see page 46) states that the sequence (2,,) of general term 


tp, = ——,  (n>1) (2) 


(>) 


is convergent, having a limit between 1,4 and 1,5. Though this sequence is indeed convergent, 


we will see that its limit is p = 0. 


§2. Proof of the theorem 


An old theorem of F. Mertens (see e.g. [3], p.259) states that 


1 c 
1 ~ 3 
II ( *) see as © — 00, (3) 


66 Jozsef SAndor No. 2 


where c= e 7 (e and y being the two Euler constants). Inequality (1) can be written also as 


IT (: *) 7 = Pn 


, if (4) would be true, then for all ¢ > 0 (fixed) and 


Since the first term of (4) is ~ 


1 1 
n > no we would obtain that —————— > II (1 _ ~) > 
Pp 


= Lee =] 3.0; Then 
p 2 


lo 
PSPn BPn 


1 1 _ 2 
, 80 b, = Poti Pn — * — K. This means that the sequence of general 
c 


< 
2 “Jog Pn Pn+1 — log Pn 
term (b,) is me above. On the other hand, a well-known theorem by E. Westzynthius (see 


[3], p. 256) states that lim supb, = +00, i.e. the sequence (b,,) is unbounded. This finishes 
the proof of the first part. 
For the proof of convergence of (#,,) given by (2), we shall apply the result 


l+a 


aa ae ape nee ©) 


pcx 


due to T. Salat and S. Zndm (see [3], p. 257). We note that for a = 1, relation (5) was 
discovered first by E. Landau. Now, let a = 1, resp. a = 2 in (5), we can write: 


S- pyw as 2 — 00; (6) 
Ber 2 oe 
and 
p3 
S- 3] 7 as n — 00 (7) 
08 Pn 
PSP SP 
3 log pn Pp 4 logpn 
2 n 
Thus, z, = > e 5 3 ; 
P<Pn ” 4 ° 
Sp] -4log” pn 
PSPn 


log Dn 


— 0, we get lim x, = 0. This 
Pn n—0o 


By (6) and (7), the limit of term [...] is 1. Since : 
finishes the proof of the second part. 

Remarks. 

1) An extension of (5) is due to M. Kalecki [1]: 


Let f : (0,+c0) > R be an arbitrary function having the following properties: 


a) f(x) > 0; 6) f(a) is a non-decreasing function; c) for each n > 0, y(n) = lim ae 
exists. 
Put s = log y(e). Then 
f(@)-e 1 
Sf) ~ SS 5 wa (8) 
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For f(x) = %* (a > 0) we get y(n) = n%, so s = a and relation (5) is reobtained. We note 
that for a = 0, relation (5) implies the ” prime number theorem” ([3]) 


~ as ; 
1(x) ie L— CO 
where 7( = 1 = number of primes < a. 
pcx 
2) By levane f(x) = (g(x))*, where g satisfies conditions a) — c) a general sequence of 
n a 
terms 2, = a g(pi) | may be studied (via (8)) in a similar manner. We omit 
i= 2 i=1 


the details. 
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Abstract This paper considers some of the properties of the lattice cubic y = 2° . We show 
that the area of any triangle inscribed in the lattice cubic is integer-valued. We find that a 
geometrical problem leads to the Diophantine equation 4p? = (2q + r)? +r?. We study the 


implications of the solutions of this Diophantine equation. 
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81. Introduction 


On a two-dimensional coordinate plane, a point is represented by an ordered pair of num- 
bers (x,y). Of particular interest is a lattice point, defined below. 

Definition 1.1. The point (x,y) on the ry-plane is called a lattice point if both « and y 
are integers. 

Throughout this paper, we shall denote by Z the set of all integers, and by Zt the set of 
all positive integers, and by N the set of all positive integers including 0. 

Definition 1.2. A lattice triangle on the xy-plane is one whose vertices are all integers. 
A lattice triangle is called Heronian if its sides as well as the area are all positive integers. 

Definition 1.3. The lattice cubic consists of all points (x,y) on the parabola y = x? such 
that x,y € Z. 

In this paper, we consider some of the properties of the lattice cubic. We show that a 
geometrical problem in the lattice cubic gives rise to a Diophantine equation. Some of the 
properties were studied by Majumdar [1]. Here, we particularly focus on the nature of the 
solution of the Diophantine equation. 


§2. The lattice cubic y = x° 


A lattice triangle APQR, inscribed in the lattice cubic y = 2°, can be described by its 
vertices P(p, p*), Q(q,q°) and R(r,r?), where p,q,r € Z. Without loss of generality, we may 
assume that p<q<r. 


3 _ 3 
Now, the slope of the line PQ is z =¢+pqt+ p’ . Since 
q—Pp 
2 idl 2 2 
g +pq+p’ = 5 [(2a+p)° + 3p"] 
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for any p # 0 and q ¥ 0, it follows that the quadratic form q? + pq + p? is positive definite. 


Thus, 
2 


24 
T 


(q° + pq+p")(r? + ar+q7) >0 


for any p#0 and q 40. But r?4+ gr+q? is the slope of the line QR. It thus follows that no 
right-angled triangle can be inscribed in the lattice cubic y = 2°. 


Again, since 


PQ = V(q— p)? + (@ — p?)? = (¢—p) V1 4 (@? + pg t+ B?)?, 


and since 1+ (q?+pq+p7)? can not be a perfect square, it follows that no Heronian triangle can 
be inscribed in the lattice cubic y = 2°. However, the area of the triangle APQR is integer- 
valued, as the following lemma shows. 

Lemma 2.1. The area of the lattice triangle with vertices at the lattice points P(p, p°), 
Q(q,q°) and R(r,r?) with p < q <r on the lattice cubic y = 2°, is 


A(p,q,r) = 5( 


Proof. The area of the triangle PQ Ris the absolute value of 


q—Dr—gOr—p)ptettl. (1) 


1 p p 

i 

== 3 

5|1 4 
lor 

Now, 
ie ee = 1p p° 
2 


1 q @i|Re>Ro-Ri| 0 q-p (q-pv\(¢+pq+P’) 
LP | Re Rg-Fa| 0 rag (rag) tert?) 


2 2 
qd Pap 
= (q-p)(r-4) 
r2+qr+q 
which gives the desired result. 
In (1), let 
m=q-p, n=r—gq. (2) 


Then, from Lemma 2.1, the area of the triangle PQR can be written as 
1 
A(p,q,7) = 5mn(m + n)[8p + 2m + nI; peEZ; mneZt (3) 


In [1], we proved the following result. Here, we use a different approach, taking into account 
the possible forms of the integers involved. This form would be helpful in the analysis of the 
possible values of the inscribed triangles later. 

Lemma 2.2. The area of the lattice triangle with vertices at P(p, p*), Q(q, q°) and R(r, r?) 


A(p,q,r) = 3£ 
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for some £ € Z. 
Proof. By (3), the area of the triangle PQR can be expressed as 


1 
A(p,q,7) = smn(m +n) 3p + 2m + nJ; pEeZ; mneZt (4) 


We consider the following nine possibilities that may arise : 
(1) m= 3k, +1, n= 3k2+1 for some integers k,,k2 > 0. In this case, 


A(p,@,r) = 5( 


(2) m= 3k, +1, n= 3kq+2 for some integers k,,k2 > 0. In this case, 


3ky + 1)(3k2 + 1)[3(k1 + ka) + 2] |p + 2k + kg +1). 


3 
A(p, qT) = 3 (3k1 + 1)(3k2 + 2) (ky + ko + 1)|3(p + 2k + kg) + Al. 


(3) m= 3k, +2, n= 3kq+1 for some integers k1,k2 > 0. In this case, 


3 
A(p, 9,7) = 9 (Bk + 2)(3k2 t 1)(ky + ko 4 1)|3(p + 2k, 4 kg) t 5|. 


(4) m= 3k, +2, n= 3kq+2 for some integers k1,k2 > 0. In this case, 


3 
(5) m= 3k1, n= 3k2+1 for some integers kj > 1,k2 >0. In this case, 
3 
A(p,q,7) = 51 (Ske + 1)[3(k1 + ke) + 4]|3(p + 2k + ke) + 1]. 


(6) m= 3k, +1, n= 3k2 for some integers kj > 1,k2 >0. In this case, 


(7) m= 3k1, n= 3k. +2 for some integers kj > 1,k2 >0. In this case, 


3 
A(p,@,7) = 5 ki (Ske + 2)[3(ki1 + ka) + 2]|3(p + 2k + ka) + 2I. 


(8) m= 3k, +2, n= 3k for some integers ky > 0,k2 >1. In this case, 


A(p,4q,r) = (Bk + 2)kal3(k + ky) + 2]|3(p + 2k, + kz) + 4]. 


(9) m = 3k1, n= 3k for some integers ki, k2 >1. 
In this case, 


34 
A(p, 4.) = > kaiko(ka + ka)|p + 2k + ko]. 


Thus, in all the cases, A(p,q,1) is a multiple of 3, establishing the lemma. 

By symmetry, if A(p,q,r) = 3@ then A(—p,—gq, —r) = 3@ that is, the area of the triangle 
with vertices P’(—p,—p*), Q'(—q, —q°) and R(—r, —r°)is also 30. Now, given any integer ¢ > 1, 
is it always possible to find a triangle with area ¢? The answer is yes : For example, in Case 
(1) in the proof of Lemma 2.2, putting p = 0,1,2,... successively, we get the triangles of areas 
3,6,9,.... The next question is 
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Question 1. Is it possible to find some formula for all the lattice triangles inscribed in 
the lattice cubic y = x, each having the area 3¢ for any fixed integer ¢ > 1? 


In connection with Question 1 above, we observe the following facts from the proof of 


Lemma 2.2 : 
Case (1) : For ky = 0 = ko, A(p,q,r) = 3\p 4+ 1]. 
Case (2) : For ky = 0 = ko, A(p,q,r) = 3|3p + 4]. 
Case (3) : For ky = 0 = ko, A(p,q,r) = 3]3p + 5]. 
Case (5) : For ky = 1, ke = 0, A(p,¢,7r) = 6|3p + 7]. 


Case (6) : For ky = 0, ko = 1, A(p,¢,r) = 6|3p + 5]. 

(1) The minimum-area triangles, each of area 3, can be obtained from Case (1) with 
p = 0, and Case (2) with p = —1. Thus, we get the triangles A(0,1,2) and A(—2,—1,0) (in 
the notation of (1) and (2)), as well as the triangles A(—1,0,2) and A(—2,0,1) . Note that, 
Case (3) with p = —2 does not give any different triangle. 

Hence, there are, in total, four triangles, each of area 3. 

(2) To find the triangles, each of area 6, we put p = 1 in Case (1), p = —2 in Case (2), 
and p = —2 in Case (5). Corresponding to these values, the triangles are A(1,2,3) (and hence, 
also the triangle A(—3, —2,—1)), A(—2,—1,1), (and the triangle A(—1,1,2)), and A(—2, 1, 2) 
(and the triangle A(—2,—1,2) ). No further triangles are obtained from Case (3) with p = - 1 
and Case (6) with p = - 2. 

Thus, there are six triangles, each with area 6. 

(3) There are only two triangles, each of area 9. These can be obtained from Case (1) with 
p = 2. Thus, the desired triangles are A(2,3,4) and A(—4, —3,—2) . 

(4) To find the triangles, each of area 12, note that Case (1) with p = 3 (or, p = —5), 
Case (2) with p = 0 (Case (3) with p = —3 gives the same triangles), and Case (5) with p = —3 
(or, Case (6) with p = —1), give such triangles. The triangles of interest are A(3,4,5) (and 
A(—5, —4, —3) ), A(0,1,3) (and A(—3,—-1,0) ) and A(—1,0,3) (and A(—3,0,1)). 

Thus, there are six triangles, each of area 12. 

(5) To find the triangles, each of area 15, we put p = 4 (or, p = —6) in Case (1), p= —3 
in Case (2) (Case (3) with p = 0 gives the same triangles), and p = —3,k, = 1, k2 = 0 in Case 
(7) (Case (8) with p = —2,k, = 0,k2 = 1 gives the same triangles). Then, we get the triangles 
A(4,5,6)(and A(—6, —5, —4) ), A(0,2,3) (and A(—3, —2,0)) and A(—2,0,3) (and A(—3, 0, 2) 
). Thus, there are six triangles, each of area 15. 

Given any two distinct points P(p,p?) and Q(q, q°) with p 4 0,q 4 0 and q # —p, on the 


lattice cubic y = x? 


, we can always find a line parallel to PQ and intersecting the lattice cubic, 
namely, the line joining the points P’(—p,—p*) and Q’(—q,—q?). But what happens, if we 
choose the line PO, passing through the point P' (=p, —p°) on the lattice cubic and the origin 
O(0,0)? More precisely, let P(—p, —p*)), p 4 0, be any point on the lattice cubic y = x3. Then, 
the line PO would intersect the lattice cubic at the second point P’ (—p, —p?). The question is : 
Is there any line parallel to POP’ and intersecting the lattice cubic? To answer this question, 
let Q(q,q°) and R(r,r?) be two distinct points on the lattice cubic y = x? such that QR is 
parallel to POP .T hen, we have the following result. 


Lemma 2.3. The line QR (where Q and R are the lattice points Q(q,q°), R(r,r?) on 
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the lattice cubic y = «?) is parallel to the line POP’ (where P and P’ are the points P(p,p?), 
P' (=p, —p°)) if and only if p,q and r satisfy the Diophantine equation 


pa=et+aertr’. (5) 


Proof. The slope of the line POP is p*, and that of the line QR is q? + qr+r?. Thus, 
these two lines are parallel if and only if p? = q? + qr + r?. 

By inspection, we have the following solutions of the Diophantine equation (5) : 

(1) q= +p,r = Fp; 

(2) = +p,r =0; 

(3) qd= 0,7 = xp. 

These are the trivial solutions. To find the points Q(q, q?) and R(r,r?), we have to look for 


the non-trivial solutions of the Diophantine equation (5). Moreover, we may assume, without 
loss of generality, that p > 0; also, we may assume that q > 0 and r > 0, because, by symmetry, 
if QR is parallel to POP’ , then Q’R’ is also parallel to POP’ , where Q' (-4, —q°) and 
R'(—r,—r?). Thus, the problem of finding the line parallel to POP’ reduces to the problem 
of finding positive non-trivial solutions of the Diophantine equation (5). We now observe the 
following facts : 

(1) if (po, go, To)is a solution of the Diophantine equation (5), so is (po, 10, Go); 

(2) if (po, Go, 70) is a solution of (5), so is (kpo,kqo, kro) for any k € Z*. 

Note that the solutions (po, qo, 70) and (po,70,¢o) are the same. By virtue of the second 
observation, it is sufficient to look for solutions of the Diophantine equation (5) for primes p 
only. 

Writing the Diophantine equation (5) in the form, 


Ap” = (2g+r)? + 3r?. (6) 


We searched for the solution of the Diophantine equation (6) for 1 < p < 100. The following 
table summarizes our findings. 
Table 2.1 : Solutions of 4p? = (2qg +1)? + 3r? ,1 < p< 100 


p|qa|r p | a || 2 pP|q|zr 

315 49 | 16 | 39 91 | 11 | 85 
13| 7 | 8 21 | 35 19 | 80 
19 | 5 | 16 61 | 9 | 56 39 | 65 
31 | 11 | 24 67 | 32 | 45 49 | 56 
37 | 7 | 33 73 | 17 | 63 97 | 55 | 57 
43 | 13 | 35 79 | 40 | 51 


The above table shows that, there are solutions of the Diophantine equation (6) only 
for the primes p = 7,13,19,31,37,43,61,67,73,79 and 97 (and their multiples) on the range 
1 < p< 100, and in each case, there is only one solution. Thus, corresponding to each of these 
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values, there are only two lines parallel to the line POP’ ; thus, for example, there are only two 
lines, namely, the line passing through the points Q(q, q?) = Q(3,3°) and R(r,r?) = R(5,53), 
and (by symmetry) the line passing though the points (—3,—3°) and (—5,—5°), which are 
parallel to the line through the origin 0(0,0) and the point (7,7°). However, there are four 
lines parallel to the line through (49, 49°) and 0(0,0); the four lines are those passing through 
the points (16, 16%) and (39, 39°) (and the line through (—16, —16°) and (—39, —393), together 
with the line passing through the points (21,21°) and (35,35°) (as well as the line through 
(—21, -21°) and (—35, —35%)) And there are eight lines, each of which is parallel to the line 
through the origin 0 (0, 0) and the point (91,91°) : The line through the points (11, 11°) and 
(85, 853) (and that through (- 11, - 11°) and (- 85, - 85%)), the line through the points (19, 19°) 
and (80, 80) (and the line through (- 19, - 19°) and (- 80, - 80%)), the line through the points 
(39, 39°) and (65, 65°) (together with the line through (- 39, - 39%) and (- 65, - 65°)), and the 
line through the points (49, 49°) and (56, 56%) (as well as the line passing through the points 
(- 49, - 493) and (- 56, - 563)). 

Our second question is 

Question 2. Is it possible to determine a formula that would give all the lines parallel to 
the line through the origin 0(0,0) and the point P(p, p*), p 4 0, on the lattice cubic y = x3? 

Now, we consider the problem of finding all lattice triangles, inscribed in the lattice cubic 
y = x3, whose areas are perfect squares, that is, the triangles such that 


A(p,a,r) =e? 
for some integer a > 1. Now, since 3|A(p,¢,7r) (by Lemma 2.2), it follows that 3\a’ . Thus, 
the triangles whose areas are perfect squares must be such that 


A(p, 4,7) = (3a)? 


for some integer a > 1. 

It is always possible to find a lattice triangle inscribed in the lattice cubic y = x* , whose 
area is a perfect square. Recall that, triangles with area (3a)? occur in pairs, that is, if the area 
of the triangle with vertices at the points P(p, p*), Q(q, q°) and R(r,r?) is (3a)? , then the area 
of the triangle with vertices at P’ (—p,—p*), Q'(—q, —q?) and R’(—r, —r?) is also (3a)?. We 
already found two triangles, each with area 9. 

In fact, we can prove a more general result. 

Lemma 2.4. There exists an infinite number of lattice triangles inscribed in the lattice 
cubic y = x, each with an area which is a perfect square. 

Proof. We prove the lemma by actually constructing a family of lattice triangles, each 
having an area which is a perfect square. To do so, we proceed as follows : In (2.3), let m =n. 
Then, 


A(p, 4,7) = 3m*|p + ml. (7) 
To make (7) a perfect square, let 


p= (3n? —1)m;m,n€ Zt. 
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The resulting triangle is A ((3n? — 1)m,3n?m, (3n? + 1)m). 
Hence, A ((3n? — 1)m, 3n?m, (3n? + 1)m) ; m,n € Zt, is the desired family, with the area 
(3m?n)?. 

We now pose the following question 

Question 3. Is it possible to characterize all the triangles inscribed in the lattice cubic 
y = x? , whose areas are perfect squares? 

Next, we consider the problem of finding all inscribed lattice triangles whose areas are 
cubes of natural numbers. By Lemma 2.2, the areas of such triangles must be of the form 


A(p, 4,7) = (3a)? 


for some integer a > 1. We can prove the following result. 

Lemma 2.5. There exists an infinite number of lattice triangles inscribed in the lattice 
cubic y = #°, each with an area which is cube of a natural number. 

Proof. We proceed on the same line of proof as of Lemma 2.4. In (7), letting 


p=3?n?—m; mneZ. 
We get the triangle A(3?n° — m,3?n3,3?n3 + m), whose area is (3n)%. 
In connection with Lemma 2.5, we raise the following question. 
Question 4. Is it possible to characterize all the lattice triangles inscribed in the lattice 


cubic y = x°, whose areas are cubes of natural numbers? 


§3. Some open problems 


The case of the lattice parabola y = x? has been treated by Sastry [2], and later, to 
some extent, by Majumdar [1]. This paper treats the case of the lattice parabola y = x3, in 
continuation of our previous study in [1]. There are several open problems in connection with 
the lattice parabola and lattice cubic, some of which are already mentioned in Section 2. It 
might be a problem of great interest to study the properties of the lattice triangles inscribed in 


the lattice curve y = x”, where n > 3 is an integer. 


References 


(1] Majumdar, A. A. K., Triangles in Lattice Parabola and Lattice Cubic, Journal of 
Bangladesh Academy of Sciences, 24(2000), No.2, 229-237. 

[2] Sastry, K.R.S., Triangles in a Lattice Parabola, The College Mathematics Journal, 
22(1991), No.4, 301-306. 


Scientia Magna 
Vol. 4(2008), No. 2, 75-79 


Eigenvalue problems and inverse 
problems on SC matrices 


Lieya Yan and Minggang Chen 
Department of Mathematics, Xi’an University of Architecture and Technology, 
Xi’an, 710055, China 
E-mail: xajdyly@yahoo.com.cn 


Abstract Eigenvalue problem of SC matrices with the form aa? and matrices sum with 
the form aa?(a € R”) is discussed, and a structure of orthogonal matrices of SC matri- 
ces diagonalized is given. And the method of inverse eigenvalue problem of SC matrices is 


improved. 
Keywords Centrosymmetric matrix, eigenvalue, inverse problem. 


Let Jn = (€n,@n—1,°** ,€1), Where e; is the ith column of the n xn identity matrix. A 
matrix A is called centrosymmetric if J,A = AJ,, and anti-centrosymmetric if J,A = —AJy. 
For A € R”*", astructure of centrosymmetric matrices and it’s solution of the inverse eigenvalue 
problem were developed by FuZhao Zhou, XiYan Hu and Lei Zhang in [1]. In [3], Trench 
studied problem of R-symmetric or R-skew symmetric matrices. Recently, some properties and 
the inverse eigenvalue problem of generalized centrosymmetric matrix have been studied in [4] 
and [5], respectively. 

A centrosymmetric matrix of a real symmetric is called an SC matrix. In this paper, 
eigenvalue problem of SC matrices with the form aa? and matrices sum with the form aaT (a € 
R") are discussed. Also a structure of orthogonal matrices of SC matrices diagonalized is 
given. Furthermore the method finding inverse eigenvalue problem of SC matrices given in [2], 


is improved here. 


§1. Eigenvalue problem of SC matrices 


Lemma 1.1. Let 0 4 a € R”. Then A = aa™ has a unique nonzero eigenvalue A such 
that A la||} and a unit eigenvector x Tele corresponding to 4. 

Proof. Clearly, A = aaT is a real symmetric matrix. Since a # 0, we have rank(A)=1. 
Therefore, A has a unique nonzero eigenvalue. Denote the eigenvalue of A by A and the unit 


eigenvector corresponding to \ by x. Then we get aaTx = Ax. Since A ¥ 0, it follows that 
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atx #0. Let a= a. Then a = az. Notice that «7x = 1. We have \ =a?. Furthermore, 


ata = Ag? ¢ = a7. So A= a7 = aTa=|a||j ande= 2= Tels: 
Corollary 1.2. A = aa? is a positive semidifinite matrix. 
lemma 1.3. Let 0 #a€ R”. Then A= aa?’ is an SC matrix if and only if Ja = a or 
Ja=-—a. 
Proof. Because A = aa? is a real symmetric matrix, we only need to prove that A is a 


centrosymmetric matrix if and only if Ja =a or Ja = —a. 


Suppose that A=aaT™ is a centrosymmetric matrix. We have that «= | = is the unit 


eigenvector corresponding to the eigenvalue \ of A by Lemma 1.1. Thus, a = alee and 
Ja=J( |la|l2x) = |lallg Jz. Since Jz = x or Jx = —« from [1], then Ja = a or Ja = —a. 
Conversely, suppose Ja = a or Ja = —a, then it is easy to check that JaaT J=Ja(Ja)’, 
i.e, A= aaT is a centrosymmetric matrix. 
Theorem 1.4. Let 0 4 a € R” and A; = aja (i = 1,2,---,s). If A;A; = 0 for 


1,79 =1,2,---,8,i4 7, then A= So Ai has only nonzero eigenvalue ||a1||3, ||a2||2,---, |las||3- 


i=1 
s 


Proof. Clearly, A; = aj;a;¥ is a real symmetric matrix. It follows that A = > Ai is 
a real symmetric matrix. Since a; 4 O(i = 1,2,---,s), we have aja? 0. Thus A;A;= 
a,atajaj?= (ajPa;)a,a;= 0 if and only if a;a;TF 0, i-e., a; and a; are orthogonal. Conse- 
quently, a1, @2,--: ,@s are orthogonal vectors set. 

Meanwhile, Aa; = Aja; =ajxaa; =|la;|| 3 a(t = 1,2,---,8), ie, |lar||2, |loe||2, ---, 
|vs||3. are nonzero eigenvalues of A. A is the sum of matrix A;(i = 1,2,---,s), where 
rank(A;)=1, and rank(A) is no more than s. Thus, A has s nonzero eigenvalues at most. 

s 


Hence, A = ye A; has and has only nonzero eigenvalues ||a1||3, ||| 3, +--+, ||as|l3- 
i=l 

Corollary 1.5. Let 04a; € R” and A; = aja;7 (i = 1,2,--- ,s). Suppose that 
A;A; = 0(i,7 = 1,2,---,8,i # j). Then A= So Ai is a positive semidifinite matrix where 

i=l 
s<n,and A= » A; is a positive difinite matrix where s = n. 
i=l 

Corollary 1.6. Let a1,a2,--+ ,@p be orthonornal column vectors set and A; = aja;7 (i = 
1,2,---,s). Then S- A; is an identity matrix. 

i=l 

Theorem 1.7. Let A and B be n x n real symmetric matrices, where r(A) = r,r(B) = s 
(r(A) means rank of A), and r+ s <n, let nonzero eigenvalues of A be Aq, A2,--+ , A, and let 
nonzero eigenvalues of B be 14, J2,°-+ , Ws. If AB = 0, then nonzero eigenvalues of A + B are 
Ai, A2;°° i »Ar; H1, H2,°°* , bs. 

Proof. Since A and B are nx n real symmetric matrices, then BA = 0 where AB = 0 and 
so A and B commute. Hence there exists an orthogonal matrix Q such that A = QA,4Q™ and 
B= QAzpQ’, where Ay = diag(Ar,,Ar.5°+* Ar, ) and Ag = diag(ps,,Ms.,°** Ms, ). Thus, 
AB = 0 if and only if A4Ag = 0. AgAg = 0 if and only if X,,us, = O(¢ = 1,2,--- ,n), 
that is, if AB = 0, then A,, and ps, equal to zero at least one. Thereby, A,, + js, equals 
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zero or equals A; or Ue(j = 1,2,--- 73k = 1,2,--- ,s). Meanwhile, since A+ B = Q(A4+ 
Ap)QT=Qdiag(Ar, + Hs,; Arg + Usos°** > Arn + bs, )Q7 , if AB = 0, then nonzero eigenvalues of 
A+ B are \1,A2,°°* 5 Ar; M1, [25°°* ; tr. Obviously, A+ B is nonsingular where r + s = n. 

Theorem 1.8. Let X) = (#1, %2,--- ,v,) and Ay = diag(Aq, A2,--- , Ar), where 
Ai, A2,+*+ ;Ap are nonzero and the set {#1,2%2,-+- ,x,} is an orthonormal vectors set. Then 
there exists a nonsingular real symmetric matrix A such that AX; = X ,A,. 

Proof. Let A; = X,A,X 7". Since X, is a n xX r matrix with orthonormal columns, 
there exists a n xX (n — r) matrix X» with orthonormal column such that X29? X, = 0. Put 
Ag=XoA9Xo" , where Ag = diag(Ap41, Ar+2;°°* »An) with det Ao# 0. Then AjA; = 0. Let 
A= A,+A2. By Theorem 1.7, A is nonsingular and 
AX, =(A, + Ag) Xp =(X1 A, XP 4+ Xo Ag Xo?) X= XAG XX, + XA aXXo Xy 
=X Aqlo + 0=X1 At. 

It is clear that three Theorems above hold for SC matrices. 

Theorem 1.9. Let A be SC matrix. Then 

1 Pi P, 


(1) For n=2k, P= —— is an orthogonal matrix such that 
V2 \ -tPr InPs 
Ay 
PTAP= , where P,, Pz are k x k orthogonal matrices and Aj, Ag are k x k diagonal 
2 
matrices; 
Pi P2 
(2) For n=2k +1, P= A 0 V2? | is an orthogonal matrix such that 
—JpP, IpP2 
Ay : ' Po 
PTAP = , where P; isa kxk orthogonal matrix, P, = isa (k+1)x(k+1) 
Ag my 


orthogonal matrix, y € R@+)*!, and A,,A9 are k x k and (k+1) x (k+1) diagonal matrices, 
respectively. 


A 
Proof. If n = 2k, then A is a SC matrix and so A=Q oe Q?, where 
Age 
1 Ty Tk : . : 
Q= 7) and A1,, Ago are k x k real symmetric matrices. Since Aj1, Ago are 
2\ -I, Sh 


kx k real symmetric matrices, there exist orthogonal matrices P,, P2 such that Ay; = P,A, Pi’, 
Aog2=P2A2 P2™, where A,,A2 are k x k diagonal matrices. Let 


1 I, I P, ae P, P2 
VE\ Te dh P» V2\ —IePr Se Ps 


A 
Thus PTAP= . . For the case where n = 2k +1, the proof of the result is similar. 


2 
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§2. Inverse eigenvalue problems of SC matrices 


(1) Let Aq, A2,--+ , An be real numbers. Find an SC matrix A such that Ay, A2,-+- , An are 
eigenvalues of A. 
. 1 i P, 
If n = 2k, P\, Pp are k x k orthogonal matrices. Set P = —= 
V2 \ —-KP, JeP2 
Then, PTAP = diag(A1, A2,°-+ An). 
Ifn = 2k +1, P, isa k x k orthogonal matrix and P, is a (k +1) x (k +1) orthogonal 


/ P.: 
matrix, where P, = * | and 7 € RE+D*1, Set 
y 
: Py P2 
—SpP, Jy Po 


Then PTAP = diag(A1, A2,°-* 5 An): 
Example. 1, 2, 3, 4, 5 are eigenvalues of SC matrix A, 


Write P, = : Py = V3 vA rel aa 0 J2) Be P, 


1 yr 
We can obtain: A = Pdiag(1,2,3,4,5)P?. 
(2) For r given eigenpairs (Ai, 71), (A2,%2),°°+, (Ar, 2r) of a n x n SC matrix A, where 
%1,02,+*: , £ is a orthonormal vectors set, find a SC matrix A. 


By the characteristic of eigenvector for SC matrix, if n = 2k, 
1 Xr, Xry : 
let X = (@1,%2,-++ fp) = ,T1 +172 = 7. Take orthonormal eigen- 
V2\ —IpXn IeXrg 
vectors sets X,., € R'x(*-"1) and X,, € RX"), such that XEX,, = 0 and XEX,, = 0. 
Set P| = ( Xp Aa i; oe ( Xr, Kons ). 
Then, Py Ai Pf =diag(A,-*+ , Ar sAt.7°* Agr) 
Py Ag P= diag(Ary 4150+) Ars Amy gist Agory) » Wheredy, +++ Ag in, Ap gist tt Agen, are ar- 
bitrary real numbers. 
. 1 Pi P, 
By Theorem 1.9, if P= —= , then 
V2\ -P, JyPs 
A= Pdiag(A1,°** Ari) Aqy** Anny iy? a geet aN )PT; 


If n = 2k + 1, without loss of generality , we suppose that 


Xp Xpy 
0 J2 yr STL + i en 
ee. wks 


1 
- V2 


X = (x1, £2,°°° jee) 


The result will be obtained. 
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Example. For two given eigenvalues 1, 3 of 4x4 SC matrix A, the eigenvectors correspond- 
ing to the eigenvalues are X, = a5 ( 1, 0, 0, —1 ie and Xo = Fs ( 0, 1, 1, 0 le 


! 1 J 1 
Take Xi= (0, 1, -1, 0)" and X,=+(1 i 
1 /2 0, Z ’ 0 n 2 v2 ’ 0, , 0, 
Set P = (X1, X,,X2,X). Then A = Pdiag(1, A,,3,A_ )P7, A; , Ay are arbitrary real numbers. 
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Abstract Murthy [1] introduced the concept of the Smarandache Cyclic Determinant Nat- 
ural Sequence, the Smarandache Cyclic Arithmetic Determinant Sequence, the Smarandache 
Bisymmetric Determinant Natural Sequence, and the Smarandache Bisymmetric Arithmetic 
Determinant Sequence. In this paper, we derive the n-th terms of these four sequences. 

Keywords The Smarandache cyclic determinant natural sequence, the Smarandache cyclic 
arithmetic determinant sequence, the Smarandache bisymmetric determinant natural seque- 


nce, the Smarandache bisymmetric arithmetic determinant sequence. 


81. Introduction 


Murthy [1] introduced the concept of the Smarandache cyclic determinant natural sequence, 
the Smarandache cyclic arithmetic determinant sequence, the Smarandache bisymmetric deter- 
minant natural sequence, and the Smarandache bisymmetric arithmetic determinant sequence 
as follows. 

Definition 1.1. The Smarandache cyclic determinant natural sequence, {SCDNS(n)} is 


2 
1 
3 
1], £12 
4 
3 
1 


Oo FF Fe WwW 


4 
1 
2 
3 


Fr WN 


Murthy conjectured that the n — th term of the above sequence is 


SCDNS(n) = Cala 


where [2] denotes the greatest integer less than or equal to x . 
Definition 1.2. The Smarandache cyclic arithmetic determinant sequence, 


{SCADS(n)} is 
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Murthy conjectured, erroneously, that the n — th term of the above sequence is 


nr 


SCDNS(n) = (-1) E 


a+ (n 7 1)d (nd)"—1 
2 
where [2] denotes the greatest integer less than or equal to x . 


Definition 1.3. The Smarandache bisymmetric determinant natural sequence, 
{SBDNS(n)} is 


3 
1 
4 
ls 512 
3 
3 
2 


FW NH 
wow FF Ww Wb 
Few WwW 


Definition 1.4. The Smarandache bisymmetric arithmetic determinant sequence, 
{SBADS(n)} is 


a a+d a+2d 

a at+d 

|1|, ; at+d a+2d ad |, .. 
a+d a 


a+2d a+d a 


Murthy also conjectured about the n-th terms of the last two sequences, but those expres- 
sions are not correct. 

In this paper, we derive explicit forms of the n-th terms of the four sequences. These are 
given in Section 3. Some preliminary results, that would be necessary in the derivation of the 


expressions of the n-th terms of the sequences, are given in Section 2. 


§2. Some preliminary results 


In this section, we derive some results that would be needed later in proving the main 
results of this paper in Section 3. We start with the following result. 
Lemma 2.1. Let D = |d;;| be the determinant of order n > 2 with 


a, ifi=j>2; 
ij = ; 
1, otherwise. 


where a is a fixed number. Then, 


1 11 1 1 
1 ail 1 1 
p= 1 la 1 lj= (a—1)""}, 
1 11 a l 
1 11 1 a 
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Proof. Performing the indicated column operations (where C; — C; — C; indicates the 
column operation of subtracting the 1st column from the ith column, 2 < i < n), we get 


111: 1 it = 1 0 0 vee 0 0 
ladles 1 WYeo>Ce-C il a-l 0 vee 0 0 
D=!1 1 as: 1 1/0; ~C3-C, }1 0 a-1l -::- 0 0 
tid wm Sale o- i a fo «a gaa 4 
1 11 loa 1 0 0 0 a-—1l 

a-—1l 0 0 0 

0 a-—1l 0 0 

0 0 a-—1l 0 

0 0 0 a-—1l 


which is a determinant of order n — 1 whose diagonal elements are all a — 1 and off-diagonal 


elements are all zero. Hence, 


D=(e-1)"4, 


Lemma 2.2. Let D®% = jay 
are all a (where a is a fixed number) and off-diagonal elements are all 1, that is, 


be the determinant of order n > 2 whose diagonal elements 


a, ifi=jol,; 


1, otherwise. 
Then, 
ali 1 1 
1 ail 1 1 
DYSl 1 ae 1 LeG@—1)" I @tn=— 1), 
1 11: al 
1 11 :-:. lia 


Proof. We perform the indicated column operations (where C) — Cy +C2+...4+Ch 
indicates the operation of adding all the columns and then replacing the 1st column by that 


sum, and C, > denotes the operation of taking out the common sum) to 
; NS CERCG Pe On P 8 ) 
ge 
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et 4A 11 (4 11 
f-@ 4 11  %. o it 4 
= 4 
Peal t a ae J a a c 4 
CC BO. eC, 
1 
Ci > 
i £ 4 a4 Cit C2+..+Cn 111 a 1 
- a A La : a 4 ie 


=(a+n—-1(a-1)""1, 


where the last equality is by virtue of Lemma 2.1. 
Corollary 2.1. The value of the following determinant of order n > 2 is 


—n 1 1 1 1 
1 -n 1 1 1 i 
= (-1)” 1)°=, 
1 1 =n 1 aioe 
1 1 1 —n 1 
1 1 1 1 —-n 
Proof. Follows immediately from Lemma 2.2 as a particular case when a = —n. 


Lemma 2.3. Let A, = |a;;| be the determinant of order n > 2, defined by 


1, ifi<j; 
ais = 
—1, otherwise. 
Then, 
1 1 1 1 1 1 
-1 1 1 1 1 1 
A,= 

-1 -1 1: 1 1 lj=ar-t, 

-1 -1 -1 --- -1 1 1 

-1 -1 -1 --- -1 -1 1 


Proof. The proof is by induction on n. Since 


the result is true for n = 2. So, we assume the validity of the result for some integer n > 2. To 
prove the result for n+ 1, we consider the determinant of order n+1, and perform the indicated 
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column operations (where C, — C; + C,, indicates the operation of adding the n — th column 


to the 1%* column to get the new 1%* column), to get 


1 1 1 1 1 1 2 1 1 1 1 1 
-1 1 1 1 1 1 0 1 1 1 1 1 
An+1 = — 
—-1 -1 1 = :-- 1 1 1 0 -l 1 = .:-- 1 1 1 
Cy 3 CL + Cy 
-1 -1 -l -1 1 1 0 -l1 -l -1 1 1 
-1 -1 -l -1 -1 1 0 -l1 -l -1 -1 1 
1 1 1 1 1 1 
—-1 1 1: 1 1 1 
—-1 -1 -1 -.. -1 1 JI 
—-1 -1 -1 -.. -1 -1 1 
by virtue of the induction hypothesis. Thus, the result is true for n + 1, which completes 
induction. 
Corollary 2.2. The value of the following determinant of order n > 2 is 


| es 1 141 

i & 4 i. a, <a 4 
By _— 9 n-1 

ca 4 i = a= Dee 

i oo 28 aoe ee eet 

i =d 22) ee aa 


Proof. To prove the result, note that the determinant B, can be obtained from the 
determinant A, of Lemma 2.3 by successive interchange of columns. To get the determinant 
B,, from the determinant A,,, we consider the two cases depending on whether n is even or odd. 

Case 1 : When n is even, say, n = 2m for some integer m > 1. 

In this case, starting with the determinant B,, = Bo», we perform the indicated column 


operations. 
1 a t- = (-1)™};1 1 1 £ @ 
B,=Bom=|} 1 o- 1 1 -1l] Go Com =) 2. 42 2 2A fw 
Cz > Com-1 
1 1 el el. el =], =i =1 1° 4 
1. eel Le Ce Cs ee a1. ed. 
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= (—1)72"—*, 


Case 2 : When n is odd, say, n = 2m +1 for some integer m > 1. In this case, 


1 1 loo: 1 1 1 
1 1 1 1 1 —-1l 
Bn =B m = 
a hi a. 1 -1 -1 
1 1 -1 —-1 -1 -l 
1 -1l -l —-1 -1 -l 
1 1 1 1 1 1 
— =—[\" 
( ) —-1 1 1 1 1 1 
Ci = Com+1 
—-1 -1 1 = =: 1 1 1 
Czy — Com ; — (—1)"2"-*, 
—-1 -1 -1 :-.. -1 1 1 
Cm = Cm+2 
—-1 -1 -1 :--- -1 -1 1 


Since, in either case, m = B , the result is established. 


§3. Main results 


In this section, we derive the explicit expressions of the n-th terms of the four determinant 
sequences, namely, the Smarandache cyclic determinant natural sequence, the Smarandache 
cyclic arithmetic determinant sequence, the Smarandache bisymmetric determinant natural 
sequence, and the Smarandache bisymmetric arithmetic determinant sequence. These are given 
in Theorem 3.1, Theorem 3.2, Theorem 3.3 and Theorem 3.4 respectively. 

Theorem 3.1. The n-th term of the Smarandache cyclic determinant natural sequence, 
SCDNS(n) is 


1 2 3 4 n-2 n-1 n 
2 3.4 =5 n—-1 n 1 
. 1 

SCDNS(n) =| 3 4 5 6 n oe cyl2l “ nr 

4 5 6 7 2 3 

m-1l nil 2 -+-- n-4 n-3 n-2 

n 1 2 3 +) n-3 n-2 n-1l 
Proof. We consider separately the possible two cases. 
Case 1: When n is even, say, n = 2m for some integer m > 1 (so that “| =m ). 


We now perform the indicated operations on SCDNS(n) (where C; «+ C; denotes the operation 
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of interchanging the 7 -thcolumn and the j-th column, and R; — R; — R; means that the j-th 
row is subtracted from the i-th row to get the new i-th row). Note that, there are in total, m 
interchanges of columns, each changing the value of SCDNS(n) by —1. Then, 


1 2. 3 A 2m—2 2-1 2m 
2 3.4 5 2m—1 2m 1 
SCDNS(n) = 3 4 5 6 2m 1 2 
4 5 6 7 1 2 3 
2m—-1 2m 1 2 ++» 2-4 2-3 2-2 
2m 1 2 3 ++) Q2m-3 2-2 2-1 
2m 2m—1 2m-—2 3 2 1 
1 2m 2m—1 4 3 2 
= (-" 
2 1 2m 5 4 3 
C1 Com 
3 2 1 6 5 4 
Cz Com-1 
2m—3 2-4 2-5 2m 2m—-1 2%m-2 
Cm Cm+1 
2m—-2 2m-3 2-4 .:-- 1 2m 2m—1 
2m—-1 2m—-2 2-3 2 1 2m 
2m 2m—1 2 1 
= 2m(2m+1)| 4 al . 2 2 
- (ayn AS 
Oar > Oy + Oa + 2. + Com 
1 2m—3 2%m-4 2m 2m—-1 1 
Cam > GG C. 
Lo M2 TT 2m 2m—2 2-3 1 2m 1 
2m—1 2-2 2 1 1 
2m 2m—-1 2m-—2 2 1 
= ym 2mem se) tom, 4 1 1 0 
Ry —- Ro —- Ry 1 1—2m 1 1 0 
R3 — R3 — Ro 1 1 1—2m 1 0 
Ram — Ram — Rom-1 1 1 1 vee 1 0 
1 1 1 1—2m 0 
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1— 2m 1 1 1 1 
2 1 1 1—2m 1 1 
1 1 1 1 1 
1 1 1 1-—2m 1 
1 1 1 1 1—2m 


Case 2 : When n is odd, say, n = 2m +1 for some integer m > 1 (so that [| =m). 


Here, 


i 2 34 Im—-1 mM m+] 
2 3.245 2m mtl 1 

eat eal 4 5 6 Im+1 1 2 
4 5 8% 1 2 3 

2m 2m+1 1 2 2m—-3 2-2 2-1 

Im+1 1 2 38 2m—-2 2-1 Im 


2m+1 2m 2m—1 3 2 1 
= Gi 1 2m+1 2m 4 3 2 
C1 Com41 2 1 2n+1 5 4 3 
C2 © Com 3 2 1 6 5 4 
C3 Com-1 
2m—-2 2-3 I2%m-4 2m+1 %m  %m-1 
Cm @ Cmn+2 2m—-1 2-2 2-3 ::: 1 2m+1 2m 
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Com41 => Cyt Cot... + Com4i 


Com+1 > 


C; C2 see Com+1 


2m+1 2m 2m—1 3 2 1 
2 2 1 2m+1 5 4 1 
3 2 1 6 5 1 
2m—2 2m-—3 WZW-A4 2m+1 2m 1 
2m—-1 2m-2 2-3 1 2m+1 1 
2m 2m—1 2%m—2 2 1 1 
om(2m-+1) |.2+1 2m 2-1 a 2 4 
— 1 m 
(—1) 2 —2m 1 1 1 1 0 
Ro = Ro = Ry 
1 —2m 1 1 1 0 
Rz > R3 oar Ro 
1 1 —2m 1 1 0 
R m — R m —R m 
ee ever 1 1 1 1 1 0 
1 1 1 —2m 1 0 
1 1 1 1 —2m 0 
—2m 1 1 1 1 
i, (2m-+1)(2m +2) omen | 2 72m Loo dl 1 
= (-1) (=) 
2 1 1 —2m 1 1 
1 1 1 1 1 
1 1 1 —2m 1 
1 1 1 1 —2m 
2 1)2 2 2 2 
= ( yn m+ )( m+ ) {( 1)?" (2m +1)?"-1} = (= m+ (2m +1)2”. 


2 


Thus, the result is true both when n is even and when n is odd, completing the proof. 


Theorem 3.2. The n-th term of the Smarandache cyclic arithmetic determinant sequence, 
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SCADS(n) is 


a a+d a+ 2d a+(n—2)d at+(n-—1)d 
a+d a+2d a+3d --- at+(n-1)d a 
SCADS(n) = 

VO) scien a+3d  a+4d -- a a+d 

a+ 3d a+4d a+dd - at+d a+ 2d 
a+(n-—2)d a+(n-—1)d a a+(n—4)d a+(n—3)d 
a+(n—1)d a a+d a+(n—3)d at+(n—2)d 

n 
--ylal (o+" “4) (nd)"" 


Proof. Here also, we consider separately the possible two cases. 


Case 1: If n = 2m for some integer m > 1 (so that Bi =m). In this case, performing 


the indicated column and row operations, we get successively 


a a+d a+(2m—2)d a+(2m-—1)d 
a+d a+ 2d a+ (2m -—1)d a 
a+ 2d a+ 3d a a+d 
SCADS(n) = a+ 3d a+ 4d ee a+d a+2d 
a+(2m—2)d a+(2m—1)d --- a+(2n—4)d a+ (2m-—3)d 
a+ (2m—1)d a “+ a+(2m—3)d a+ (2m—2)d 
a+(2m—1)d a+(2m-2)d a+d a 
a a+(2m—1)d .- a+2d at+d 
— =|) 
aa at+d a a+3d a+2d 
Ci — Com 
a+ 2d at+d a+4d a+ 3d 
C2 Com-1 
, a+ (2m—4)d a+(2m-—5)d a+(2m—2)d a+(2m-—3)d 
Cm me Cm-41 
a+ (2m—3)d a+(2m—4)d - a+(2m—-1)d a+(2m—2)d 
a+ (2m—2)d a+(2m—3)d --- a a+ (2m — 1)d 
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No. 


Cam > C1 + C2 +... + Com 
1 
Com C. Co Cox 
a+(2m—1)d a+(2m—2)d - a+d 1 
a a+(2m—1)d - a+2d 1 
at+d a a+ 3d 1 
wah cren 
ae a+ 2d a+d : a+4d 1 
a+(2m—4)d a+(2m-—5)d at+(2m—2)d 1 
a+(2m—3)d a+(2m-—4)d a+(2m—1)d 1 
a+(2m—2)d a+(2m-—3)d a 1 
2m(2m — 1 
(Sen =a+(at+d)+(a+2d)+...+ {a+ (2m —1)d} = 2ma+ anna) 
a+(2m—-1)d a+(2m—2)d --- a+d 1 
= (1) Som | (L—2m)d d vee d 0 
Ro — Ro—- Ry d (1 —2m)d 0 
Rez —> Rz _ Ry d d 0 
Ram — Ram _ Rom-1 d d nal d 0 
(1—2m)d 0 
= 1-2m 1 1 
= (-1)™ {20 2m(2m ah ( i a q2™-1 
2 1 1—2m 1 
1 1 1 
1 1 1—2m 


2m(2m — 1) 


Case 2: If n = 2m-+1 for some integer m > 1 (so that [| =m). 
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In this case, performing the indicated column and row operations, we get successively 


a a+d a+2d a+ (2m —1)d a+2md 
a+d a+2d a+3d a+ 2md a 
SCADS(n) = 
(n) a+2d a+3d a+4d a a+d 
a+ 3d a+4d a+5d a+d a+ 2d 
a+(2m—1)d a+2md a a+ (2m—3)d a+(2m-—2)d 
a+2md a a+d a+ (2m—2)d a+(2m-—1)d 
Cy © Com41 
Cz — Com 
Cm - Cm+2 
a+ 2md a+(2m—1)d at+d a 
a a+ 2md a+2d a+d 
ae at+d a a+3d a+ 2d 
a+ 2d a+d a+4d a+ 3d 
a+ (2m—3)d a+(2m-—4)d a+(2m—1)d a+(2m-—2)d 
a+ (2m—2)d a+(2m-—3)d a+ 2md a+ (2m — 1)d 
a+(2m—1)d a+(2m-—2)d a a+2md 
Com+1 > Cy + Co... + Com41 
1 
Com 
a CPO PO 
a+2md a+ (2m -—1)d a+2d a+d 1 
a a+2md a+3d a+2d 1 
(-1)™ Som 41 a+d Ga a+4d a+3d 1 
a+2d a+d a+5d a+4d 1 
a+(2m—2)d a+(2m—3)d a a+2md 1 
a+(2m—1)d a+(2m-—2)d a+d a 1 
2m(2 1 
(Simei =a + (a+d)+(a+2d)...4+(a+2md) = (2m+ a4 mi “ a) 


92 A.A.K. Majumdar No. 2 
a+2md a+(2m-—1)d a+d 1 
= —1 ue m. 
Ee) ona d d 0 
Roy — Ro = Ry 
d —2md d 0 
Rs —} R3 = Ro 
R R R : 
m ae m™m ~ m 
2mn+1 2m+1 2 aad - 0 
—2m 1 1 
Im(2 1 1 —2m 1 
=(-1)" {@m+ joes vo ak 1)2m+2q2m 
1 1 1 
1 1 —2m 


(-1)™ 


{2m at 


2m(2m + 1) 


2 


ee {a + eal d™(2m + 1)?™. 


Thus, in both the cases, the result holds true. This completes the proof. 


a} {d?™(-1)?™(2m +1)?" } 


Theorem 3.3. The n-th term of the Smarandache bisymmetric determinant natural 
sequence, {SBDNS(n)}, n> 5, is 


SBDNS(n) = 


1 2 3 n—-1 n 
2 4 n n—-1 
3 4 5 nm-1 n-2 
n-2 n-1 n 4 3 
n—1 n n—-1 3 2 
n n-1l n-2 2 1 


= cyl 


nr 


3| (n+1)2”-?. 


Proof. We perform the indicated row and column operations to reduce the determinant 
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SBDNS(n) to the form B,_1 (of Corollary 2.2) as follows : 


1 2 3 ss m—-2 n-l n 
2 3 4 se onal n n—1 
SBDNS(n)=| 3 4 5 es n n-1l n-2 
n-2 n-1 n 5 4 3 
n—-1 n n—-1 4 3 2 
n n-1l n-2 3 2 1 
1 2 3 n-2 n-1l n 
a 1 1 1 1 1 —l 
Ry— Ro-—R, |1 1 1 1 -1 -l 
R3 — Rg — Ro 
1 1 1 —l -1 -l 
Rn R,-—Rn-ijl 1 -1 -1 — -1 
1 -1 -1 -1 -1 -l 
1 2 3 n-2 n—-1 n+l 
1 1 1 1 1 0 
: 111 { <i- 
Ch > Crh +C1 I}, 
1 1 1 —l -1 0 
1 1 -t1 —l -1 0 
1 -1 -1 —1 -1 0 
1 1 1 1 1 
1 1 1 1 -l 


= (=n +0) |, 
= (-1)"**(n+1)Ba-1 


1 1 1 -1 -l 
1 1 -!l -1 -l 
1 -1 -l -1 -l 


= (-1)"*1(n +1) 51 2 le 


n—-1 


mitt] | 
Now, ifn =2m+41, then (—1) 2 J = (-1)@m+2)+m — (-1)™ = (-1) 
n—-1 


2 | = (-1)?ti+(m-)) = (-1)™ = eagle. 


tt 
and ifn = 2m, then (-—1) 
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n 


Hence, finally, we get SBDNS(n) = Cala (n+1)2"-?. 


Remark 3.1. The values of SBDNS(3) and SBDNS(4) can be obtained by proceeding 
as in Theorem 3.3. Thus, 


i 23 = t & 4 i. 2.4 
SBDNS(3)=|2 3 2|R2>R,-Rill 1 1 7 1 0|=-8, 
C3 > C3 + C, 
5 2 iia Ret =p 1 =i 0 
tw gra = io % <A 
SBDNS(4)=|2 3 4 3|Rg>Ro-R,|1 1 1 -1 
8 4. 8°93) Pea Pea Rsk 1-1 <i 
4°39. 2 1) Reo Reo Rell <1 <1. <1 
= 12 3 °5 
i? 4 : 
Cas CxtCifl 1 1 O=(-8)) | [= (at-pelas}y = 20. 
1 1 -1 0 
a a 
fiat 1G 


Theorem 3.4. The n-th term of the Smarandache bisymmetric arithmetic determinant 
sequence, {SBADS(n)}, n > 5, is 


a a+d + at(n—2)d  a(n—1)d 
Ee at+d a+ 2d + at(n—-1)d a+(n—-2)d 
a+(n—2)d a+(n—-l1)d --- a+2d a+d 
a+(n-—1)d a+(n—2)d --- a+d a 
= Cylal («+ na) (2d)"-1. 


Proof. We get the desired result, starting from SBADS(n), expressing this in terms of the 
determinant B,,—1 (of Corollary 2.2) by performing the indicated row and column operations. 


a a+d + at(n—2)d at+(n—-1)d 
SBADS(n) = a+d a+ 2d + at(n—l1)d a+(n—-2)d 
a(n—2)d at+(n—1)d --- a+ 2d at+d 
a+(n—1)d a+(n—2)d --- at+d a 
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a a+d a+2d at+(n—3)d a+(n—-2)d a+(n—-1)d 
- d do d d —d 
Ro = Ro = Ry 
d d vee d —d —d 
Rz = R3 = Ro 
d —d —d —d —d 
Rn — Rn = Rn-1 
—d —d —d —d —d 


1 1 

= d?—1]1 1 
Ch Cyn + C1 

1 1 

1 1 

1 -l 


=(-1)"71 d®1 {244+ (n —1)d} 


1 
1 
1 


1 ed 1 
1 xg 1 
1 =i 
= “a =f 
= we 1 
1 Goa GU 4 
1 1 1; =i 
1 1 a | 
{<a at at 
at at. eee SE ar 


= (-1)"*1a"-1 {2a + (n— 1)d} al 2 les =(-1) 
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Abstract Let S be a nil-extension of a Clifford semigroup K by a nil semigroup Q. A 
congruence pair (6,w) on S consists of a congruence 6 on Q and a congruence w on K. It 
is proved that there is an order-preserving bijection [ : o + (og,o0x) from the set of all 
congruences on S' onto the set of all congruence pairs on S, where ox is the restriction of o 


on K, 0g = (0 V px)/px and px is the Rees congruence on S induced by K. 


Keywords Clifford quasi-regular semigroups, Nil-extension, congruence pairs. 


81. Introduction 


Recall that a regular semigroup S is Clifford if all idempotents of S are central. A semigroup 
S is called quasi-regular if for any a in S there exists a nature number m such that a™ is a 
regular element of S. A quasi-regular semigroup S is called a Clifford quasi-regular semigroup 
if S is a semilattice of quasi-groups and Reg(S) is an ideal of S (see [4]). A semigroup S with 
zero is called nil if for any a € S' there exists a nature number n such that a” = 0. If S isa 
semigroup and K is an ideal of S such that the Rees quotient semigroup S$/K is isomorphic to 
a semigroup Q, then we say that S' is an ideal extension of K by Q. Furthermore, when Q is 
a nil semigroup, S is called a nil-extension of K by Q. It was shown in [4] that a nil-extension 
of a Clifford semigroup K by a nil semigroup Q is Clifford quasi-regular. 

The class of Clifford semigroups play a fundamental role in the development of semigroup 
theory. It was proved by Clifford that a semigroup S' is a Clifford semigroup if and only if S 
is a semilattice of groups; or if and only if S is a strong semilattice of groups. In 1994, Ren- 
Guo-Shum have already studied Clifford quasi-regular semigroup in [4]. Also, the congruence 
on completely quasi-regular semigroups has been described by Shum-Guo- Ren [1] by using 
admissible congruence pairs. 

Here we shall study congruences on a Clifford quasi-regular semigroup S. It is proved that 
every congruence o on such a semigroup S' can be uniquely represented by a congruence pair 
(og,0K) on S, where ox is the restriction of o on K, 0g = (0 Vox)/px and px is the Rees 
congruence on S induced by an ideal Kk. 
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Throughout this paper, S' is a Clifford quasi-regular semigroup. We use px to denote the 
Rees congruence on S induced by an ideal K of S. Denote the set of all regular elements of S' by 
Reg(S) and the set of all idempotents of S by E(S). H* denote the *-class of S containing a, 
where H* be a generalized Green’s relation (see [6]). Let C(.S') be the set of all congruences on 
S and let Ao be the set {a € S | (Ar € A)(a,x) € o} for any o € C(S). The o-class containing 


the zero element 0 is denoted by 0c. For terminologies and notations not mentioned in this 


paper, the reader is referred to [2]. 


§2. Preliminaries 


We shall first state some basic properties concerning congruences on a Clifford quasi-regular 
semigroup S. 

Proposition 2.1. For any a € S there exists a unique idempotent e € E(S) such that 
a € H%. Moreover, a” € H, ifn > r(a), where r(a) = min{n | a” € Reg(S)}. 

Proof. The proof follows directly from the definition. 

Remark. For the sake of convenience, we use a° to denote the unique idempotent of 
H*-class of S containing a. It can be easily verified that Reg(S') = K. 

Proposition 2.2. Let o be any congruence on S. Then a € Ko if and only if (a,aa°) € 0 
and (a,a°a) € o. 

Proof. Suppose that a € Ko. Then it is obvious that (a,aa°) € o and (a,a°a) € o if 
a € K. On the other hand, if a ¢ K, then we can find an element x € K such that (a,x) € o. 
Since S is a nil-extension of a Clifford semigroup K, there exists a positive integer n € N 
such that a” € K. This implies that a"o = x"o. However, since a”o - (a")"'o = a°a, where 
(a")~1 is the group inverse of a", we have (a"a)~! = (a”)~'a. Thus, (a")~'o = (a"a)71 = 
(2"a)~! = (a")~1o. This means that (a°,2°) € o so that (aa°,xxz°) = (aa°,x) € o and 
(a°a,u°x) = (a°a,x) € o. Hence (a,aa°) € o and (a,a°a) € o by the transitivity of o. 
Conversely, if (a,aa°) € o and (a,a°a) € o, then by the above remark, we have aa° € K and 
a°a € K. This implies that a € Ko. 

Proposition 2.3. If o is a congruence on S, then (a°,b°) € o for any (a,b) € a. 

Proof. This proof is the same as the proof of Proposition 2.3 in [1]. 

Lemma 2.44], The following statements on a semigroup S are equivalent: 

(i) S is a Clifford quasi-regular semigroup; 

(ii).S' is quasi-regular, E(S') is in the center of S and Reg(S) is an ideal of S; 

(iii)S is a nil-extension of a Clifford semigroup. 


§3. Congruence pairs 


Let S be a nil-extension of a Clifford semigroup K by a nil semigroup Q. In order to obtain 
a description of any congruence on S, we introduce the following definition. 

Definition 3.1. Suppose that 6 is a congruence on a semigroup Q and w is a congruence 
on a semigroup kK. Then a pair (d,w) € C(Q) x C(K) is called a congruence pair on S' if it 
satisfy the following conditions 
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(M1) If (e, f) € w for some idempotents e, f € E(S), then (pe,pf) € w for any p € Q. 
Dually, (ep, fp) € w for any p € Q; 

(M2) If (p,q) € 6 |@\os, then (pe, ge) € w and (ep, eq) € w for any e € E(S); 

(M3) If (p,q) € 6 |@\os, then ((pe)°, (ge)°) € w and ((ep)°, (cq)°) € w for any c € S; 

(M4) If0 4a € 06 and cE S, then 

(i) (aa°c, ac(ac)°) €w and dually (caa°,ca(ca)°) € w, 

(ii) (a°ac, (ac)°ac) € w and dually (ca°a, (ca)°ca) € w; 

(M5) If (pe, gf) € w for some idempotents e, f € E(S) and any p,q € S, then (pe, fq) € w. 
Dually, if (ep, fg) € w, then (ep, qf) € w; 

(M6) If (pe, fq) € w for some idempotents e, f € E(S') and any p,q € S, then (ep, gf) € w. 
Dually, if (ep, qf) € w, then (pe, fq) € w. 

Now suppose that S'is a nil-extension of a Clifford semigroup K by a nil semigroup Q and 
px is the Rees congruence on S induced by the ideal K. For any ao € C(S), we define a mapping 
[T: 0+ (¢q,oxK) from C(S) to C(Q) x C(K), where ox =o |x, and og = (0 V px)/px. Thus, 
in view of the above definition, we have the following result. 

Lemma 3.2. Let C(S') be the set of all congruences on S. Then o C 7 if and only if 
og C Tq and ox C Tk, for any 0,7 € C(S). 

Proof. This proof is the same as the proof of Theorem 3.2 in [1]. 

Lemma 3.3. If ¢ € C(S), then (og,0x) is a congruence pair on S. 

Proof. Let a € C(S). Clearly, og € C(Q) and ox € C(K). To see that (gg,0K) is a 
congruence pair on S, we only need to verify that (0g,0K) satisfies the conditions (M1) to 
(M6) given in Definition 3.1. 

(i) If (e, f) € o« for some e, f € E(S), then for any p € Q, we have (pe, pf) € a. It is easy 
to see that pe,pf € K. Thereby, we have (pe,pf) € ox. Similarly, (ep, fp) € ox. Thus the 
condition (M1) is satisfied. 

(ii) By using the similar arguments as in (i), we can also see that (7g, 7x) satisfies condition 
(M2). 

(iii) If (p,¢) © o@ |Q\o0q, then by the definition of ag, we have (p,q) € o and hence 
(pe, gc) € o for any c € S. By Proposition 2.3, It can be immediately seen that ((pc)°, (gc)°) € o. 
Consequently ((pc)°,(gce)°) € ox. Dually, ((cp)°,(cg)°) € ox. This shows that (¢g,0K) 
satisfies the condition (M3). 

(iv) Let a € O0og \ {0}. Then by Proposition 2.2, (a,aa°) € o and so (ac,aa°c) € o for 
any c € S, that is, ac € Ko. In this case, (ac, ac(ac)°) € o. It follows that (aa°c, ac(ac)°) € o 
and consequently (aa°c, ac(ac)°) € ox. A similar argument can show that (caa°,ca(ca)°) € 
ox. Thus, (gg,¢K) satisfies the condition (M4)(i). On the other hand, since a € 0ag \ {0}, 
(a,a°a) € o by Proposition 2.2. Hence, for any c € S (ac,a°ac) € o giving ac € Ko. In this 
case, (ac, (ac)°ac) € o. We have that (a°ac, (ac)°ac) € o and (ac, (ac)°ac) € ox. The dual 
(ca°a, (ca)°ca) € w can be similarly proved. Thus, (0g,7x) satisfied the condition (M4) (ii); 

(v) Let (pe,gf) € w for any p,q € S and e,f € E(S). Then qf = fq since S is a nil 
extension of a Clifford semigroup and by Proposition 2.4. This shows that (pe, fq) € w. The 
dual part can be similarly proved. Hence, (og,0x) satisfies the condition (M5); 


(vi) A similar arguments can show that (og,ox) satisfies the condition (M6). 
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Thus, by Definition 3.1, (og,7K) is indeed a congruence pair on S. 

Lemma 3.4. Let C(S') be the set of all congruences on S. Then o C 7 if and only if 
og C Tq and ox C Tk, for any 0,7 € C(S). 

(1°) (a,b) € 6 for any a,be S\R; 

(2°) (aa°,b°b) €w for any a,b € R, where R = K L{00 \ {0}}. Then o is a congruence 
on S such that ko = R. 

Proof. We first prove that the relation o defined above is an equivalence on S. Let a € R, 
then (aa°,aa°) € w. Also by the given condition(M5)(i), we have (aa°,a°a) € w. Obviously, 
the above relation o is reflexive. To show that the relation o is symmetric, let a,b € R such 
that (aa°,b°b) € w. Then by (M6), (a°a,bb°) € w. Also since w € C(KX), (bb°,a°a) € w. It 
is easy to see that the above relation o is symmetric. In order to show that the relation @ is 
transitive. Let a,b € R such that (aa°,b°b) € w and (bb°,c°c) € w. Then (b°b,b°b) € w by 
w €C(K). And since the given condition (M5)(i), we have (b°b, bb°) € w. Thus (aa°, c°c) € w. 
It implies that the above relation o satisfies transitive. Hence, the relation a is an equivalence. 
We now proceed to prove that o is a congruence on S. 

(i) Suppose that a,b € S \ R such that (a,b) € o if and only if (a,b) € 6. Then we have 
either ac€ S\ Ror ac e€ R for any ce S. If ace S\ R then bc € S'\ R since 6 is a congruence 
on Q. This implies that (ac, bc) € 6 and so (ac,bc) € o. If ac € R, then by the definition of 
6, we know that be € R. If c € K, then ac,bc € K. But from (a,b) € 6, for any a,bE S\R 
and by the condition (M2) of a congruence pair, we can easily observe that (ac°, bc°) € w. As 
w € C(K), we immediately note that (ac°c, be°c) = (ac, bc) = (ac(ac)°, (bc)°bc) € w. This 
shows that (ac, bc) € o whenever c € K. 

It remains to show that (ac, bc) € o when c ¢ K and (a,b) € 6. In fact, if c € Q, then 
((ac)°, (bc)°) € w by the given condition (M3). Thus, by the condition (M1), we have 


(c(ac)°, c(bc)°) Ew. (1) 


Furthermore, we observe that, by Proposition 2.3, ((c(ac)°)°, (c(bc)°)°) € w. Thus, by the 
conditions (M1) and (M2), we have (b(c(ac)°)°, b(c(bc)°)°) € w and (a(c(ac)°)°, b(c(ac)°)°) € w, 
whence (a(c(ac)°)°, b(c(be)°)°) € w. Together with the obtained property (3.1), we obtain that 


(a(c(ac)°)°e(ac)°, b(e(bc)°)°e(be)°) = (ac(ac)°, be(bc)°) € w. 


By the given condition (M5)(i), we have (ac(ac)°, (bc)°bc) € w. It is trivial to see that (ac, bc) € 
w by using condition (2°). 

(ii) Suppose that (aa°,b°b) € w for a,b € R. We now show that (ac, bc) € o for any cE S. 
In fact, by Proposition 2.3, ((aa°)°, (b°b)°) € w. Thus, for any c € S, ((aa°)°c, (b°b)°c) € w by 
the condition (M1) and hence (aa°c, b°bc) € w by assumption. If a € K, then it is trivial to see 
that aa°c = ac and (ac, ac(ac)°) € w. Consequently, (aa°c, ac(ac)°) € w. If a € 06 \ {0}, then 
(aa°c, ac(ac)°) € w by the condition (M4)(i). Also if b € K, then 6°bc = be and (bc, (bc)°bc) € w. 
Consequently, (b°bc, (bc)°bc) € w. If b € 06 \ {0}, then (b°bc, (bc)°bc) € w by the condition 
(M4) (ii). Thus, by the transitivity of congruence w, we may deduce that (ac(ac)°, (bc)°bc) € w. 
This shows that (ac, bc) € w since the condition (2°) is satisfied by the pair (ac, bc). Thus, o is 


a left congruence on S. 
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Likewise, we can show that o is also a right congruence on S and hence o is a congruence 
on S. Furthermore, it is easy to see that Ko = R. 

By using Lemma 3.4, the following theorem for congruence pairs on S' is established. 

Lemma 3.5. Let S be a nil-extension of a Clifford semigroup K by a nil semigroup Q 
and let (6,w) be a congruence pair on S. Then a congruence o given in Lemma 3.4 is a unique 
congruence on S satisfying og = 6 and ox = w. 

Proof. We first show that og = 6. To see that 6 C ag, we let a,b € Q such that (a,b) € 6. 
Then, we have a,b € Q\ R or a,b € 06 \ {0} in Q. If a,b € Q\ R, then (a,b) € og if and only if 
(a,b) € 6 by the definition of o. On the other hand, if a,b € 06 \ {0}, then by the definition of 
a, we have a,b € Ko and so a,b € 0og. This show that 6 C og and so 6 = ag since Ko = R. 

We still need to show that ox =w. For this purpose, we pick a,b € K such that (a,b) € w. 
Then, it is trivial to see that (aa°, b°b) € w. It follows from the definition of o that (a,b) € ox. 
Conversely, if (a,b) € ox for a,b € K, then (a,b) € o. Thereby, (a,b) = (aa°,b°b) € w and 
hence ox = w. Finally, by using the facts given in theorem 3.2, we can observe that the 
congruence o satisfying og = 6 and ox = w must be unique. 

Summarizing the above results, we obtain the following theorem. 

Theorem 3.6. S be a nil-extension of a Clifford semigroup K by a nil semigroup Q. Then 
a mapping I: o += (og,0xK) is an order-preserving bijection from the set of all congruences 


on S onto the set of all congruence pairs on S. 
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Abstract In a recent paper, Zhang and Zhang [1] introduced the concept of sequences of 
numbers with alternate common differences. In this paper, we extend the idea to sequences 
in geometric progression. We also revisit some of the results of Zhang and Zhang to provide 
simpler and shorter forms and proofs in some cases. 

Keywords Sequence of numbers with alternate common differences, periodic sequence with 
two common differences, sequence of numbers with alternate common ratio, periodic sequen- 


ce with two common ratios, the general term and the sum of a sequence of numbers. 


81. Introduction 


In a recent paper, Zhang and Zhang [1] introduced the concept of sequences of numbers 
in arithmetic progression with alternate common differences as well as the periodic sequence 
with two common differences. In this paper, we extend the concept to sequences of numbers 
in geometric progression with alternate common ratios and the periodic sequence with two 
common ratios. In doing so, we revisit the results of Zhang and Zhang [1], in Section 2 and 
Section 4 respectively. We give some of the results and their proofs in simpler forms. In Section 
3, the sequence of numbers with two common ratios is treated. We derive the explicit forms of 
the general term, a,,, and the sum of first n terms S, of the sequence. Section 5 deals with the 


periodic sequence of numbers in geometric progression with two common ratios. 


§2. Sequence of numbers with alternate common 


differences 


The sequence of numbers with alternate common differences, defined by Zhang and Zhang 
[1], is as follows. 

Definition 2.1. A sequence of numbers a, is called one with alternate common differences 
if the following two conditions are satisfied: 

(1) For all k EN, aog — agp-1 = dh; 

(2) For all k EN, aox4i — Gor = do, 
where d, and dz are two fixed numbers, called respectively the first common difference and the 
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second common difference of the sequence. 


Lemma 2.1. Let {a,} be a sequence of numbers with alternate common differences d; 
and dy. Then, for all k > 1, 


Q2k-1 = 4, + (k as 1)\(dy + dz), (1) 


Gok = a, + kd, + (k = 1)do. (2) 


Proof. From Definition 2.1, adding the two conditions therein, 
azi+1 — Aai-1 = di + dy 
for alli >1. Then, 
(G2i41 — G21) = (k —1)(d, + da), 


that is, Q2k-1 — a, = (k _ 1)(dqy + dz), 
so that, dgp—1 = a1 + (k—1)(di + dy), 


agk = A2n-1 + dy = a, + kd) +: (k — 1)dp. 


Corollary 2.1. Let {a,,} be a sequence of numbers with alternate common differences d1 
and dz. Then, 


Qn = 01 4 [| dy 4 | o. 


where [2] denotes the greatest integer less than or equal to x. 


Proof. If n is odd, say, n = 2k — 1 for some integer k > 1, then, 


and (1) can be expressed as 


n n—1 
Gak—1 = Om = a1 + (Kk — Idi + (k — Ido = a4 4 Ja | | 


And if n is even, say, n = 2k for some integer k > 1, then 


l= [Pe*|=-2 


so that (2) can be rewritten as 


-1 
A2k = On = a, + kd, + (k—1)dg = a4 4 ALe " | 
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Lemma 2.2. Let {a,} be a sequence of numbers with alternate common differences d; 
and dg, and let {5,,} be the sequence of n — th partial sums. Then, for all k > 1, 


Sor—1 = (2k o— l)a, + (k — 1){kdy + (k = 1)dz}, (3) 


Son = 2ka, +k {kdy + (k — 1)do}. (4) 


Proof. By definition, 
k 


2k 
Sor = S- ai = > (a2;-1 + aa;). 
j=1 


i=1 


k 
Using Lemma 2.1, Sor = > {2a1 t (2% 1)d, t 24 1)d2} = 2ka, + kd, + k(k + 1)d2, 
i=1 


so that Son-1 = Sor — 42k = (2k = l)ay + k(k = 1)dy + (k = 1)?do. 
Corollary 2.2. Let {a,,} be a sequence of numbers with alternate common differences d; 


and dg. Then, 
n n+1 n-1 
5, =na + [3] ([%3 Ja+| 5 |): 


Proof. If n = 2k —1 for some integer k > 1, then, 


lat). BE] 


so that, from (3), 
Sor-1 = Sn =— (2k — l)ay + (k = 1){kdy + (k = 1)d2} 
1 aa 
vot Tal ([ J+ Po] 4), 


and if n = 2k for some integer k > 1, then, 


al=*= [Pa |) [a |=#- 


and from (4), 


Sor =Sn = ka, + k{kd, + (k —1)d9} 
= w+ 5] ] a+] e), 


§3. Sequence of numbers with alternate common ratios 


The sequence of numbers with alternate common ratios is defined as follows. 
Definition 3.1. A sequence of numbers {a,} is called one with alternate common ratios 


if the following two conditions are satisfied : 
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(1) For all KEN, —* = 14, 
a2k-1 

(2) For all KEN, “ZAt1 = py, 
a 


where r; and rz are two fixed numbers, called respectively the first common ratio and the 
second common ratio of the sequence. 

Lemma 3.1. Let {a,,} be a sequence of numbers with alternate common ratios r; and ro. 
Then, for all & > 1, 

(1) @ox—1 = a1 (rire)*-}; 

(2) aor = ayrkrk-), 

Proof. From Definition 3.1, 


= ° = 71112 
a2k-1 a2k-1 a2k 


Q2k4+1 a2k Q2k4+1 (5) 


for all integer k > 1. Therefore, 


Q2k-1 42k-3 


5 — _ k-1 
a. ae = (rira)-(T1T2) +++ (172) = (rira)", 


so that 


a2k-1 = ai (rire) 


Then, 


kk-1 
Q2k = T142k-1 = QaiT{79 : 


Corollary 3.1. Let {a,,} be a sequence of numbers with alternate common ratios r; and 
rg. Then, both the subsequences {a2,-1} and {a2,} are sequences of numbers with common 
ratio rr. 

Proof. From (5), we see that {a2,_1} is in geometric progression with common ratio ro. 
Again, since 


Q2k4+2 Q2k4+2 G42k+1 
= . = 71112 


a2k Q2k4+1 a2k 


for all integer k > 1, it follows that {a2,,} is also in GP with common ratio ryro. 
Lemma 3.2. Let {a,,} be a sequence of numbers with alternate common ratios r; and ro, 


and let S,, be the sequence of n-th partial sums. Then, for all n > 1, 
a 
(1) Son—1 = ore [1 — (rira)” + ri{l — (ryr2)”*}]; 
—T19r2 
= a1 T n 
(2) Son = =e Tire (1 (rire) | (1 + ry). 
Proof. By definition, 


2n-1 


n n—-1 
Son—-1 = S ay = S Q2i-1 + s aj. 
i=l i=l i=l 
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Using Lemma 3.1, 


n n-1 

a reer 

Son-1 = s ay(r1 12) +5 air 72 
i=1 i=1 


1 = (ry r2)"7! 1=—(ry, re)"7! 

os (1 T2) chee (r1 T2) 
1 = 14 19 1 = 14 TD 

which gives the desired expression for S2,_; after some algebraic manipulation. 


Then, 


Son = Son-1+ an 
a 
re [1 — (rire)” + ri{1 = (rire) "}] + mr 
—Tir2 
ay R 
= —— [1 - (nro) ]}(1+11). 
1— rer 
Lemma 3.3. Let {a,} be a sequence of numbers with alternate common ratios r; and ro 


Co 
with |rjrg| < 1. Then, the infinite series 5> a, is convergent, and 
n=1 


Proof. From Lemma 3.2, both the sequences {$2,_1}>—, and {S2,}°-, are convergent 
with 
1 + TL 


lim Son—-1 = 0 — lim Son. 
n—0co 1- T1 72 N— CO 


§4. Periodic sequence of numbers with two common 


differences 


The periodic sequence of numbers with two common differences has been defined by Zhang 
and Zhang [1] as follows. 

Definition 4.1. A sequence of numbers {a,,} is called periodic with period p and two 
common differences if the following two conditions are satisfied : 

(1) For all k = 1,2,3,---, 

Q(k—1)p+1) ®@(k—1)p+2)°°* > kp 

is a finite arithmetic progression with common difference dj; 

(2) For all k = 1,2,3,---, 

Qkp+1 = Akp + ds, 

where p > 1 is a fixed integer, and d, and d3 are two fixed numbers. 

Zhang and Zhang [1] found the expressions for a, and S;, for this sequence, which are rather 


complicated. We derive the expressions for a, and S,, for this sequence under the assumption 
that 


dz = d, + do. (6) 
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These are given in Lemma 4.4 and Lemma 4.5 respectively. Note that the assumption (6) is 
not restrictive : Given the numbers d, and dz, we can always find the number dz satisfying the 
condition (6). 

Following Zhang and Zhang [1], we shall say that the terms {a1,a2,...,a,} belong to the 
1% interval of length p, the terms {ap+1,@p+2,---,@2p} belong to the 2”¢ interval of length 
p, and so on, and in general, the terms {@(%~1)p+1,@(k—1)p+2)---,@kp} belong to the k — th 
interval of length p. Note that, in each interval, the terms are in arithmetic progression (AP) 
with common difference d,. Thus, in particular, in the k — th interval, 


kp = A(k-1)pt1 + (p _ 1)d,. (7) 


Lemma 4.1. Let {a,,} be a p-periodic sequence of numbers with two common differences 
d, and dz. Then, for all k = 1,2,38,..., 


Qkp = Qi + (kp = 1)dy + (k = 1)do. 


Proof. The proof is by induction on k& . The result is clearly true for k = 1. So, we assume 
the validity of the result for some integer k > 1. Now, 


A(k+1)p = Akp+1 + (p = 1)d,. 
But, 
Akp+1 = Akp + dy + do. 


Therefore, using the induction hypothesis, we get 


Aktip = (kp + di + dz) + (p—1)di 
= a, {(k t 1)p 1}d, t kdo, 


which shows that the result is true for k +1 as well. 
Lemma 4.2. Let {a,,} be a p-periodic sequence of numbers with two common differences 
d, and dz. Let 
(k-1)p+1<l<kp 


for some k € {1,2,3,...}. Then, 


Proof. Since (k —1)p+1< ¢< kp, it follows that 


ag = Q(k—-1)p+1 t [e (k 1)p 1] dy. 
But, by Lemma 4.1, 
Qk—-1)pt1 = Ak-1)p t+ di + de 
= [a+ {(k—1)p—1}di + (k — 2)d2] + di + do 
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Therefore, we finally get 


= ayt+(€—1)d, + (k-1)do. 


Lemma 4.3. Let (k-—1)p+1<¢<kp for some k € {1,2,3,---} (p> 2). 


Then, 
£-1 
= [—| +1. 
Pp 
Proof. From the given inequality, we get 
-—1 
k-1< g , k> a 
Pp Pp 


Since k,p and @ are all (positive) integers, it follows that 


aoe 


Lemma 4.4. Let {a,} be a p-periodic sequence of numbers with two common differences d 


and dz with p > 2. Then, 
n—-1 


Gn =ayt+ (n = 1)d, + =] dy. 


Proof. follows immediately from Lemma 4.2 and Lemma 4.3. 
Lemma 4.5. Let {a,,} be a p-periodic sequence of numbers with two common differences 
d, and dz with p> 2 , and let {S,,} be the sequence of n — th partial sums. Then, 


Sy = nay + Da i {n f (|) +1) ba 


Proof. By definition, 
Sn = S- ay 
i=1 
ue 1—1 
— fat i= 1a + [— D |} 


i=l 
n(n — 1) a eel 
= —_—_“d d. : 
nay+ 5 it 2D | - | 
n [i—1 
Now, to calculate > |=]. let (k —1)p+1<n< kp for some k € {1,2,3,---}. 
i=1L P 
Then, the sum >> =] can be written as 
i=1 Pp 


Be : = haat zs had 
eal eau eal 
ei) # i=1 j=G—Npti + ? i 


To find the above sums, note that 
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ean 


for all (¢-1)p+1<j < ip. 


Therefore, 
n 74 k-1 
[A] = See + e- c= npr 
= pREA) + tn —(e-ypMk-1) 
Pp 
= n(k 1) - ba(k-1) 
= (k-1) {n Fah 
Therefore, ( ’ 
_ n(n-il p 
Sn = nay + dy + (k 1) {n ok} do. 


We then get the desired result by virtue of Lemma 4.3. 

If p = 1, from Lemma 4.4 and Lemma 4.5, we see that the terms of sequence {a,,} are in 
AP with common difference d; + dg. Also, recall that, if the terms of a sequence {b,,}are in 
AP with common difference d,, then b, = d, + (n—1)d,, and the sum of first n of its terms is 


(n—1) 


n 
simply na, + d,. These expressions may be compared with those given in Lemma 4.4 


and Lemma 4.5. 


§5. Periodic sequence of numbers with two common ratios 


The periodic sequence of numbers with two common ratios is defined as follows. 

Definition 5.1. A sequence of numbers {a,,} is called periodic with period p and two 
common ratios if the following two conditions are satisfied : 

(1) For all k = 1,2,3,--- , the subsequence 


{Q(k—-1)p+1> Uk—-1)pt-2> +++ kp} 


is a finite geometric progression with common ratio 71; 


(2) For all k= 1,2,3,--+, “2! arr, 
akp 
where p > 1 is a fixed integer, and r; and rz are two fixed numbers. 
As in Section 4, the terms {a1,a2,--- ,a,} belong to the 1** interval of length p, the terms 
{dp41,@p+2,°** ;@2p} belong to the 24 interval of length p, and so on, and in general, the 


terms {@(4—1)p41;4(k-1)p+2)'** »@kp} belong to the k — th interval of length p. Note that, in 
each interval, the terms are in geometric progression (GP) with common ratio r;. Thus, in 


particular, in the & -th interval, 


big = G(k—1)ptim (8) 


Lemma 5.1. Let{a,} be a p-periodic sequence of numbers with two common ratios 71 
and rg. Then, for all k = 1,2,3,---, 
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(1) aap = arr}? tek; 


(2) Gkp+1 = ayrhPrk, 
Proof. To prove part (1), note that the result is true k = 1. To proceed by induction, we 
assume its validity for some integer k > 1. Now, 


= p—1 
Q(k+1)p = 4kp+1"] - 


But, 


Akp+1 = GkpT1Ta2- 


Therefore, using the induction hypothesis, we get 


= p-1 
Qk+1)p = (GkpTit2)Ty 


(agri? renner *) 


k+1)p—1 
ars \p rk 


l 


showing the validity of the result for k + 1. 
Now, 


kp-1 


Akp+1 = AkpTil2 = (airy ré—1)(rire) = ari? rk, 


This establishes part (2) of the lemma. 
Lemma 5.2. Let {a,} be a p-periodic sequence of numbers with two common ratios r1 
and rg. Let 
(kK-l1)pt+l<n<kp 


for some k € {1,2,3,---}. Then, 


An = ayre tet, 


Proof. Since (k —1)p+1<n< kp, it follow that 


n—(k—1)p—-1 
An = Q(k—-1)p+114 . 


But, by part (2) of Lemma 5.1 


(k-1)p,_k-1 
Q(k—-1)p+1 = @11y i) F 


Hence, 


k-1 k-1 n—(k—1)p—-1 —~1_k-1 
an = {arr} Prk Va P =a, >. 


Lemma 5.3. Let {a,} be a p-periodic sequence of numbers with two common ratios 71 
and rg. Let {S,,} be the sequence of n — th partial sums. Let 


(k—-l)pt+l<n<kp 


for some k € {1,2,3,---}. Then, 


1-91? pe aes 
ei5 a ( {1 — (rhea) 8} + fray =p PP) 
1 


~ Tor 1—rire 


110 A.A.K. Majumdar No. 2 


Proof. By definition, 


n ap n 
m=Sa=S Yt Sw 
i=l i=1 j=(i-1)p+1 i=(k—-1)p4+1 
Now, note that 
a 1- ia 
2 Qj = AGi—-1)p+1 1l—r , 
j=(i-1)p+1 
n 1- poe 
Yaa aenpn (EO), 
i=(kh—1eHi : 


the expression for S,, takes the form 


Larne (S j= pred 
Sn = 1 m (s ve] + G@(k—-1)p+1 (ss ; 


l-r 
i=l i 


By part (2) of Lemma 5.1, 
k-1 
1l—(rir Kel 
a= pe =a Serr) t= (OR), 


1l—r?r 
41 1°2 


Therefore, 


l-—r L(g i 
Sn = 1 1 } pp k-1 Boers 4 ; 
_ (=) ( 1l—rire a1(r172) l-r 


§6. Some remarks 


From the proofs of Corollary 2.1 and Corollary 2.2, we have 


aS] + [F)=n-1 


for any integer n > 1, 


N| 3s 
| 
mls 
———__ 
3 
N] | 
a 
Es: 
) rs | 
3 
wo]+ 
a 
—el 
| 
a 


for any integer n > 1, 


for any integer n > 1. 

Therefore, in the particular case when d, = dz = d , say, so that the sequence of numbers 
{a,} forms an AP with common difference d, the expressions of a, and S,, given respectively 
in Corollary 2.1 and Corollary 2.2, take the following forms : 


Ja a dy =a, +(n—1)d, 


a=a,+| 2 


2 
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Sn = nay 4 [=| (Hla [+] 4) pig pe) 


These are well-known results. 

Again, in the particular case when r; = rg = rT, say, the sequence of numbers {a,,} in 
Section 3 forms a GP with common ratio r. In this case, the expressions for S2,_; and So, 
given in Lemma 3.2, can be shown to reduce to the well-known forms. This is done below : 


ay 


Son-1 = ian [1 — (rire)” +11 {1 — (rire)”~*}] 
ay n n— ay ee 
= [rarer {1- d) = tran) 
ay 2n-1 
— {— 
24, 
ay _ n — 2n = 41 2n 
Say = fh (rara)"] (1) = pg NL tn) = 0). 


The p-periodic sequence of numbers with two common differences d, and dz has been treated in 
Section 4. Our approach is a little bit different from that of Zhang and Zhang [1]; however, to 
get the corresponding results given in Zhang and Zhang, one may put dg = d3 — d; in Lemma 
4.4 and Lemma 4.5. Clearly, in the particular case when dz = 0, the sequence an in Section 4 
becomes one with common difference dj. 

Finally, we observe from Lemma 5.2 and Lemma 5.3 in Section 5 that, the terms of the 
sequence {a,} are in GP with common ratio r; in the particular case when rg = 1 , and they 


are in GP with common ratio r;r2 in the particular case when p= 1. From Lemma 5.3, we see 


co 
that the infinite series 5> a, is convergent when |ri| < 1 and |r2| < 1, in such a case, 
n=1 


co 
It might be interesting to study the behavior of the infinite series 5> a,, when |rir2| < 1. 


n=1 
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Abstract In this paper, we continue studying the properties of (7, y’)-operations on topo- 
logical spaces initiated by J. Umehara, H. Maki and T. Noiri [12] and further investigated by 
S. Hussain and B. Ahmad [5]. 

Keywords 4-closed (open), y-closure, y-regular (open), (7, +’ )-interior, (y,7’)-exterior, (7, 
7) -boundary, (7, +’ )-closure, (7, + )-open (closed), (y,7 )-nbd, (7, +’ )-derived set, (7, + )- 
dense and (7, + )-dense in itself. 


81. Introduction 


In 1979, S. Kasahara [7] introduced the concept of a-closed graphs of a function. D. S. 
Jankovic [6] defined a-closed sets and studied functions with a-closed graphs. H. Ogata [9] 
introduced the notions of 4-T;,i = 0,1/2,1,2; (7, 3)- homeomorphism and studied some topo- 
logical properties. B. Ahmad and F. U. Rehman ( [1] , [11] ) defined and investigated several 
properties of y-interior, y-exterior, y-closure and 7-boundary points in topological spaces. They 
also discussed their properties in product spaces and studied the characterizations of (+, 3)- con- 
tinuous mappings initiated by H. Ogata [10]. In 2003, 2005 and 2006, B-Ahmad and S.Hussain 
[2-4] continued studying the properties of 7-operations on topological spaces introduced by S. 
Kasahara [7]. They also defined and discussed several properties of y-nbd, y-nbd base at a, 
y-closed nbd, y-limit point, y-isolated point, y-convergent point and y*-regular space. They 
further defined y- normal spaces, yo-compact [4] and established many interesting properties. In 
1992, J. Umeraha, H. Maki and T. Noiri [12]; and in 1994, J. Umehara [13] defined and discussed 
the properties of (7, 7 )-open sets, (7, 7')- closure, (7, 7’ )-generalized closed sets in a space X. 
In 2006, S. Hussain and B. Ahmad [5] continued to discuss the properties of (y, 7’ )-open sets, 
(7,7 )-closure, (7,7 )-generalized closed sets in a space X defined in [12]. 

In this paper, we continue studying properties of (7, 7 )- operations on topological spaces. 
Hereafter we shall write spaces in place of topological spaces. 
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§2. Preliminaries 


In order to make this paper self-contained, we give the preliminaries used in the sequel. 

Definition 2.1[10]. Let (X,7) be a space. An operation y: 7 — P(X) is a function from 
T to the power set of X such that V C V7 , for each V € 7, where V7 denotes the value of 7 
at V. The operations defined by 7(G) = G, y(G) = cl(G) and 7(G) = int(cl(G)) are examples 
of operation ¥. 

Definition 2.2[10]. Let A C X. A point a € A is said to be a 9-interior point of A, if 
there exists an open nbd N of a such that NY C A. We denote the set of all such points by 
int, (A).Thus 
im,(A)={meAizeNer and NYC A}CA. 

Note that A is y-open [10] iff A = int,(A). A set A is called y- closed [10] iff X — A is 
-open. 

Definition 2.3[10]. An operation y on 7 is said to be regular, if for any open nbds U,V 
of « € X, there exists an open nbd W of x such that UY N V7 DW”. 

Definition 2.4[10]. An operation ¥ on 7 is said to be open, if for any open nbd U of each 
xz € X, there exists an y-open set B such that « € B and U7 5 B. 

Definition 2.5[5]. Let A be a subset of X. A point x € A is said to be (7,7 )-interior 

point of A iff there exist open nbds U and V of x such that UY U vy CA. 
We define the set of all such points as (7,7 )- interior of A and is denoted as by int y ')(A). 
Thus int, 4(A) = {ae A: eeU, cE V,U,V er and UYUVY CA}CA, 
If A C B, then int; (A) © int), 4)(B). 

Definition 2.6[12]. A subset A of (X,7) is said to be a (y, 7 )-open set iff int 

Note that the class of all (y,7')-open sets of (X,r) is denoted by Fey) 


(A) = A. 


7,7) 


§3. Properties of bi y-operations 


Definition 3.1. Let X be a space and «x € X. Thena (7,7 )-nbd of x is a set U 
which contains a (7,7 )-open set V containing x. Evidently, a set U is a (y,7)-nbd of « if 
x € int, ,/)(U). The class of all (y, 7 )-nbds of « is called the (7,7 )-nbd system at 2 and is 
denoted by U;. 

Theorem 3.1. The (y,7¥ )-nbd system U; at x in a space X has the following properties: 
(1) If U € Uz, then x € U. 

(2) If U,V € U,, then UNV € Uz, where y and 7 are regular operations. 

(3) If U € Uz, then there is a V € U; such that U € Uy, then each y € V. 

(4) If U € U, and U CV, then V € U, 

(5)(a) If U C X is (y,7 )-open, then U contains a (7,7 )-nbd of each of its points. 

(b)If U contains a (7,7 )-nbd of each of its points, then U is (y,7')-open, provided y and 7 
are regular. 

Proof. (1) is obvious. 

(2)IfU,VeE Us, then x € int,, ..)(U) and x € int, ,)(V) imply z € int.) (U) int), (VV). 
Since 7 and y are regular operations, therefore x € int/, ,, (UNV). This implies UNV € Uz. 
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(3) Let U € U,. Take V = int: ,,)(U). Then each y € V gives y € int, ,.)(U) and therefore 
Veu, 
(4) If U € Ug, then x € int, (U). If U C V, then int,» (U) € int, (V) gives x € 
int(y')(V). Hence V € Uz. 
(5) (a) If U is (7,7 )-open, then U = int ,y')(U) and therefore U is a (7,7 )-nbd of each of its 
points. 

rE as a /y j-n 2 CU, then U = int,, .) 7) iS union o , )-open sets 
(b) If Uh (y,7 )-nbd V, C U, then U oy) U Ve) f (7,7) 

reU 


and therefore is (y,7 )-open. This completes the proof. 
Combining 5(a) and 5(b) of the Theorem 3.1, we have 

Proposition 3.1. A set U CX is (y,7)-open iff U contains a (y,7 )-nbd of each of its 
points, where y and 4! are regular operations. 

Definition 3.2. A (7,7 )-nbd base at x in a space X is a subcollection 3, taken from 
(7,7 )-nbd system U, having the property that U € U; contains some 
V € £,. That is U, must be determined by (@, as 


Ux, ={U CX/V CU for some V € Br}. 


Then each U € 3, is called a basic (7,7 )-nbd of x. 

Example 3.1. In any space X, the (y,7')-open nbds of x form a (y,7)-nbd base at 2, 
since for any (7,7 )-nbd U of « int(y/)(U) is also a (7,7 )-nbd of «. 

Example 3.2. If X is the discrete space, then each « € X has a (7,7 )-nbd base consisting 
of a single set, namely {x}, that is, U, = {{x}}. 

Theorem 3.2. Let X be a space and for each x € X, let Gy, bea (7,7 )-nbd base at x. 
Then 
(1) If V € 6,, then x EV. 

(2) If Vi, V2 € Ge, then there is some V3 € Gy such that V3 C Vj NV2, where y and 7 are regular 
operations. 

(3) If V € @,, then there is some V3 € (, such that y € V, then there is some W € (3, with 
W CY. 

(4) (a) If U CX is (7,7 )-open, then U contains a basic (7,7 )-nbd of each of its points. 

(b) If U contains a basic (7, )-nbd of each of its points, then U is (7,7 )-open provided y and 
“ are regular operations. 

Proof. Follows from Theorem 3.1. 

Definition 3.3[12]. A point x € X is called a (y,7)-closure point of A C X, if (U7 U 
v7) nA #0, for any open nbds U and V of x. The set of all (y,7')-closure points is called 
the (7,7 )-closure of A and is denoted by Cl y4')(A). 

Note that cli") 
X is called (7,7 )-closed, if cl; 


(A) is contained in every (y,7 )-closed superset of A. Clearly, a subset A of 
47 (A) & A. ; 

Theorem 3.3. Let X be a space. Suppose a (y,7 )-nbd base has been fixed at each 
x eX. Then 
(1) V CX is (7,7)-closed iff each point 2 ¢ V has a basic (7,7 )-nbd disjoint from V. 
(2) cli /)(E) = {x € X: each basic (y,7 )-nbd of « meets E}. 
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(3) int(,4")(E) = {@ € X: each basic (7, 7 )-nbd of « contained in E}. 
(4) bdy, ')(E) = {x € X: each basic (y,7 )-nbd of # meets both E and X — E}. 

Proof. (1) Follows from Theorem 3.1 (5). 

(2) We know that cl, (2) =A COX: K is(y,7 )-closed and E C K} Suppose 
some (7,7 )-nbd U of « does not meet E, then x € inti, /)(U) and EC X — int), .(U). 
Since X — int), ./\(U) is (y,7 )-closed, therefore ely y'(E) © X — int: .”)(U)[5]. Hence 
& € cli, 1) (E). 


Conversely, if « € cl, (#), then X-cl), ..)(H) is a (y,7)-open set containing x and 


hence containing a basic ee of x, which does not meet E. This completes the proof. 

(3) This follows from (2) by an application of De Morgan’s Laws on int), ..\(B) = X 
-cl(. 4’) (E) [5]. 

(4) Follows from Theorem 3.1 (5) and the definition of bd, ,)(£). This completes the 
proof. 

Definition 3.4. A space X is said to be a (7,  )-T; space, if for any two distinct points 
x,y of X there exist open sets U and V containing x and y respectively such that y ¢ U7 and 
x¢ vr. 

Theorem 3.4. A space X is a (1, ry )-Ty space iff each singleton in X is (4, 7 )-closed. 

Proof. Let X be a (y,7)-T; space. We show that each singleton {x} is (y,7¥ )-closed. 
For this, we show that its complement X — {x} is (y,7)-open. Let y € X — {x}, y # a, then 
there exist sets U and V containing x and y respectively such that y ¢ U7 and x ¢ V7. So 
x €U7,y¢éU and yc V7,a ¢ V7. This implies that y € U7 U vy CX — {x}. So, X — {ax} 
is (y, 7 )-open. Hence {2} is (7,7 )-closed. 

Conversely, suppose that {x} is (7,7)-closed. We show that X is a (7,7 )-T space. Let 
x,y € X,2 #y. Then X — {x}, X — {y} are (7,7 )-open in X. Thus x € X — {y} and 
y € X — {x} such that x ¢ (X — {x})7 and y ¢ (X — {y})”. This completes the proof 

Theorem 3.5. A space X is (7,7 )-71 iff every finite subset of X is (7,7 )-closed, where 
yand y are regular operations. 

Proof. Suppose that X is a (7,7 )-Th space. Then by above Theorem 3.4, one point 
subsets of X are (7,7 )-closed. Since y and 7 are regular operations, so every finite subset of 
X, being a union of a finite number of (7,7 )-closed sets, is (y, 7’ )-closed. 

Conversely, suppose that every finite subset of X is (7,7 )-closed. Then every one point 
subset of X is (7,7 )-closed. Hence X is a (7,7 )-T, space. This completes the proof. 

Theorem 3.6. In a (7,7 )-T; space, each subset A of X is the intersection of its (7,7 )- 
open supersets, where y and “ are regular operations. 

Proof. Since in a (7,7 )-T) space, each finite subset A of X is (7,7 )-closed, where 
+ and 7 are regular operations. Since each singleton of X is (y,7')-closed, therefore each 
y € X—A, X — {y} is (7, 7')-open and A C X —{y}. So that X — {y} is a (7,7 )-open superset 


of A. Since for each « € A,x € X —{y}, A= () (X — {y}). This completes the proof. 
rEA 


Definition 3.5. Let X be a space and x € X. Then « is called a (y,¥ )-limit point of A, 
if (U7 U V7) (A —{2x}) #0, where U,V are open sets in X. 

Definition 3.6[4]. An operation 7 : T — P(X) is said to be strictly regular, if for any 
open nbds U,V of x € X, there exists an open nbd W of x such that U7 V7? = W7. 
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Theorem 3.7. Let X be a (7,7 )-T) space and A C X. If X is a (7,7 )-limit point of A, 
then every (7, 7 )-open set containing x contains infinite number of distinct points of A, where 
y and 7’ are strictly regular operations. 

Proof. Let U,W be (y,y )-open sets and « € U and x € W. Suppose U as well as W 
contains only a finite number of distinct points of A. Then 
UN A= {x1,¥2,-++tn} = Bi, 

WNA= {y1,Y2,°°' Yn} = Bo. 
Clearly By, is (7,7 )-closed implies (B,) is (y, 7 )-open ,Where (B,) denotes the complement 
of B, and hence open . Similarly UN 37 is (7, 7 )-open and hence open. But UN(B,)' contains 


x and 


(U7N (Bi) 7M A 

(U7. A) (Bi) 7A) C (UNA) (Bi) 1A) 
= B,N((Bi) NA) 

= (B,N(Bi))NA=O0NA=O. 


(UN (Bi) INA 


Also Bz is (7,7 )-closed implies (B2)' is (y,7)-open and hence open. So WM (Bz) contains 
x. Similarly (W (Bo) )? NA=0. 
Thus ((U M (By) )7N A) U ((W 9 (B2)')? MA) = 0. This implies that 


(Un (Bi) )7 U (Wn (Bs)? )N A= 


This shows that x is not a (y, 7 )-limit point of A, a contradiction. Thus U as well as W 
contains infinite number of distinct points of A. This completes the proof. 

Corollary 3.1. In a (4, + )-Ty space no finite subset has a (7, 7 )-limit point, where y and 
an are strictly regular operations. 

Definition 3.7. The set of a (7,7)-limit point of A, denoted Aba!) 
derived set. It is easily seen that if A C B then 

AG vy Boa)" ; ; *) 

Theorem 3.8. In a (7,7 )-Ti space the (7,7 )-derived set has the following properties: 


is called (7,7 )- 


= d 

(1) ely ')(A) = A U ACY!) 

d _ ad d 
(2)(AU Bo, Pe Au, ”) U BE). In general 
(8) UAE, a = UAE, 

d 

Ag on) = Goal ) 
(5) ley, (AG )) ~ Ava 


Proof. (1) Let x € cl, ./)(A). Then z € C, for every (¥, 7')-closed superset C' of A. Now 
(i) Ifa e A, then x € Af a)? 


(ii) If a ¢ A, then we ss that « € AU At To prove (ii), suppose U and W are open 


7) 
sets containing x. Then (U7 U wr \nA=O, for otherwise A C X — (U7 W7 ) = C, where 


C is a (y,7 )-closed superset of A not containing x. This contradicts the fact that x belongs to 


gives r € AU A? 


every (7, )-closed superset C of A. Therefore x € At Cy)" 


(17) 
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Conversely, suppose that « € AU AG, 
zeécl, (A). lice AG cs y 
suppose otherwise that there are (7, 7 Ps closed supersets oi and C2 of A not containing x. Then 
xEexX—C, =U andre X—-C, =wy which are (y,7 )-open and U7N.A = 90, Wy nA=9. 
So (U7N A)U(W7 NA) =O = (UTUWT)NAZ= 0. This implies that x € AC, yy" This 
contradiction proves that x € cl,,./)(A). Consequently cl, ./)(A) = AU At, y')" This proves 
(1). 

d 
(2) (AUB), Wy AC, 4 BE Let x € (AUB)C ): Then z € el;,, .,, (AUB) —{z} or 


: Vv) 
@€ cl), (A—{z})Uel,, .1)(B—{c}), implies x € cl, 7) (A—{z}) or & € ely, .1)(B—-{z}). This 


yy > we show that x € cl, 1/)(A). If a € A, then 


then we re that «x is in every (7,7 )-closed superset of A. We 


gives © € AC yal) ELE Bi, yf) Therefore x € AC aa) © Be, yf) This a AU Bye ,c 
Aba! ah U Be val) The converse follows directly for (*). 


(3) The proof is immediate from (*). 
(4) Suppose that x ¢ Aen?) Then x ¢ cl, ./)(A—{z}). This implies that there are open 


sets U and V such that x € U and x € V and (U7U v7 yn N(A—{x}) =). We le that x ¢ 


(AG ena)" Suppose on the conay that x € (AG, Oy, yy" Then x € cl, (At y—{e})- 
Since « € U and x € V, so (UYU vy yn (Al a’) ¥') — {x}) #@. Therefore there is a q 2 x such 
that q € a UV7)nN (AC, yy)" It follows that g € ((UYU vy )—{a})n (At (9) —{a}). Hence 
((UYUV \={ax})n (AC —{x}) #0, acontradiction to the fact that (UTUVT \n(A—{x}) = 0. 
This implies that x ¢ ae Cn’) and so (AC, sf ony ') Cc Aone! ): 


(5) This is a consequence of (1), (2) and (4). This completes the proof. 
Definition 3.8. Let A be a subset of a space X and Ay the set of all (y,¥ )-limit 


17’) 
points of A. If AC AG, yy? then A is called (7, 7 )-dense in itself. 


In a (7,7/)-T1 space, set (7,7 )-dense in itself has the following properties: 

Theorem 3.9. (1) If {A;} is an arbitrary family of subsets of a (y,y )-T space X (7,7 )- 
dense in themselves, then U Aj © (U A; ty, yy that is, U) A; is (7, 7’ )-dense in itself. 
(2) (i) For any subset ‘A of X, 


d = d d d d d a d 
Se aes =nu fo yO) 2 Pap il) peal: SG eA Fay Ais 
or (clay (AN), AA ') a ay y= AU AU ) = ely, (A) 
(ii) For any subset A of a if A . (aye ) then cl, (A) © (heyy (ANG 9"): 


(3) If A is (y,y )-closed and (7,7 )-dense in itself and B does not contain a subset P which 
is (y,7 )-dense in itself, then each (7, )-T; space X is the union of sets A and B. 

Proof. (1) Suppose {A;} is a family of subsets of a (7,7 )-T; space X such that each A; 
is (y,7 )-dense in itself. Then A; C (Ai)¢, . By Theorem 3.8 (3), 


7) 
U Ai Cc U (AiG, = (U AiG, yy" This proves (1). 
(2) (i) By Tineien 3.8 (1, 2 and 4), we infer that 
d d d d d d d d 
(cl; (v7 (ANG ny) = » Aa Veo) - Ay’) s Aa od) = Boe yt Ae a) = 
or (el(,y/)(A Na, = Ae SAY Aaa = ly (A) 


or (a (aye y Cc ely (A). 


(ii) Since A C ely, ,/)(A), therefore Avy!) e (bey y ANE 9): Now 
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Ad 


= d 
chy ')(A) => AUA (1,7) 


na) 
This proves (2). 
(3) Let A = (J Aj, for each A; (7,7 )-dense in itself. Then by Theorem 3.9 (1), A is 


d d 
C (el (A) Gar) or cl, 4/)(A) © (le ty AD Gy"): 


(17) 


(y,7/)-dense in itself. By Theorem 3.9 (2) (ii), eli ')(A) is (7,7 )-dense in themselves and 
hence cl, .,(A) € A. That is, A is (y,7/)-closed. Clearly the set X — A = B, being disjoint 
from A, does not contain nonempty sets which are (7, + )-dense in themselves. This completes 
the proof. 

Combining 2(i) and 2 (ii) in the above Theorem, we have: 


Proposition 3.2. If AC (AC, yy then cl, ./)(A) = (el (ANNE 
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Abstract In reference [2], we used the elementary method to study the mean value prop- 
erties of a new arithmetical function, and obtained two mean value formulae for it, but there 
exist some errors in that paper. The main purpose of this paper is to correct the errors in 


reference [2], and give two correct conclusions. 


Keywords Smarandache multiplicative function, mean value, asymptotic formula. 


81. Introduction 


For any positive integer n, we call an arithmetical function f(n) as the Smarandache 
multiplicative function if for any positive integers m and n with (m, n) = 1, we have f(mn) = 
max{f(m), f(n)}. For example, the Smarandache function S(n) and the Smarandache LCM 
function SL(n) both are Smarandache multiplicative functions. In reference [2], we defined a 
new Smarandache multiplicative function f(n) as follows: f(1) = 1; If n > 1, then f(n) = 


max { 
1<i<k ay + 
studied the mean value properties of f(n), and proved two asymptotic formulae: 


}, where n = p{'ps?---pp* be the factorization of n into prime powers. Then we 


) Hi aie ae 7 ; (1) 
2 Ing 
n<x 


where A is a computable constant. 


1 eo) Inne +d O(«3 2 
Ss f(n) 5 ag” Gay ve eT Jat (x3), (2) 
where ¢(s) is the Riemann zeta-function, and d is a computable constant. 
But now, we found that the methods and results in reference [2] are wrong, so the formulae 
(1) and (2) are not correct. In this paper, we shall improve the errors in reference [2], and 
obtain two correct conclusions. That is, we shall prove the following: 


Theorem 1. For any real number zx > 1, we have the asymptotic formula 


Xfm) = 5-2 +0(z8). 
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Theorem 2. For any real number x > 1, we have the asymptotic formula 


a (sm) 5) =a 0 -Ye+0(z4), 


n<u 


where ¢(n) is the Riemann zeta-function. 


§2. Proof of the theorems 


In this section, we shall using the elementary and the analytic methods to prove our 
Theorems. First we give following two simple Lemmas: 

Lemma 1. Let A denotes the set of all square-full numbers. Then for any real number 
x > 1, we have the asymptotic formula 


CG) oe Ge) eat rn 
yil= Dod | 28 O(z*), 


n<ux 
neA 


where ¢(s) is the Riemann zeta-function. 


Lemma 2. Let B denotes the set of all cubic-full numbers. Then for any real number 


SI 1=N-23+0(a*), 


n<x 
neEB 


x > 1, we have 


where N is a computable constant. 
Proof. The proof of these two Lemmas can be found in reference [3]. 
Now we use these two simple Lemmas to complete the proof of our Theorems. In fact, for 


any positive integer n > 1, from the definition of f(n) we have 


Vf) = fY+ SV fM)+ >of, (3) 


n<ux n<ux n<u 
neA neB 


where A denotes the set of all square-full numbers. That is, n > 1, and for any prime p, if p | n, 
then p? | n. B denotes the set of all positive integers n > 1 with n ¢ A. Note that f(n) <1, 
from the definition of A and Lemma 1 we have 


d fn) = 0 (28). (4) 
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Now combining (3), (4) and (5) we may immediately get 


Yfm) = 14 >> f)+ >> fm) 


na nx n<ax 
neA neB 
1 1 


This proves Theorem 1. 
Now we prove Theorem 2. From the definition of f(n) and the properties of square-full 
numbers we have 


a ™~ 
a 
= 

| 
OR aed 
NS 
iw) 
II 

CS 
+ 

——~ 
Pa 
= 

| 
Nl rR 
we 
i] 

+ 

OS 
= 
= 

| 

Nle 

NS 

bo 


Te (6) 


where A also denotes the set of all square-full numbers. Let C denotes the set of all cubic-full 


ll 
Ale 
+ 
oS 
= 
&, 
| 

NI 


numbers. Then from the properties of square-full numbers, Lemma 1 and Lemma 2 we have 


Elms) = EGE (ws) 


n<x n<u n<ux 
neA neA, f(n)=$3 nec 
1. 2" 1 
= E(3-3) -EG-a) +9| 
n<u n<u n<u 
neA nec nec 
¢ (3) i i 
x2 +0 (z4) 7 
(3) 


where ¢(s) is the Riemann zeta-function. 


Now combining (6) and (7) we have the asymptotic formula 


2 3 : . 
s- (s(n) - 5) = te a +0(«4) 


n<ux 


This completes the proof of Theorem 2. 
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Abstract In this paper, we use the elementary method to study the properties of the Smaran- 
dache multiplicative sequence, and proved that some infinite series involving the Smarandache 


multiplicative sequence are convergent. 
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81. Introduction and result 


For any positive integer m > 2, let 1 < dy < dg <--: < dm are m positive integers, then 
we define the Smarandache multiplicative sequence A,, as: If d,, dg, --- , dm are the first 
m terms of the sequence A,,, then dy, > dy_1, for k > m+ 1, is the smallest number equal 
to dj - d5?---d°», where a; > 1 for alli = 1, 2, ---, m. For example, the Smarandache 


multiplicative sequence Ag ( generated by digits 2, 3) is: 
2, 3, 6, 12, 18, 24, 36, 48, 54, 72, 96, 108, 144, 162, 192, 216, ------ 
The Smarandache multiplicative sequence A3 ( generated by digits 2, 3, 7 ) is: 
2, 3, 7, 42, 84, 126, 168, 252, 294, 336, 378, 504, 588, 672, ------ : 
The Smarandache multiplicative sequence A, ( generated by digits 2, 3, 5, 7 ) is: 
2, 3, 5, 7, 210, 420, 630, 840, 1050, 1260, 1470, 1680, 1890, 2100, ------ : 


In the book “Sequences of Numbers Involved Unsolved Problems” , Professor F.Smarandache 
introduced many sequences, functions and unsolved problems, one of them is the Smarandache 
multiplicative sequence, and he also asked us to study the properties of this sequence. About 
this problem, it seems that none had studied it yet, at least we have not seen any related 
papers before. The problem is interesting, because there are close relationship between the 
Smarandache multiplicative sequence and the geometric series. In this paper, we shall use 
the elementary method to study the convergent properties of some infinite series involving the 
Smarandache multiplicative sequence, and get some interesting results. For convenience, we 
use the symbol a,,(n) denotes the n-th term of the Smarandache multiplicative sequence A). 
The main purpose of this paper is to study the convergent properties of the infinite series 


a (1) 


2 ln)’ 
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and prove the following: 

Theorem. For any positive integer m > 2, let 1 < dj < dg <-:- < dm are m positive 
integers, and A,, denotes the Smarandache multiplicative sequence generated by dj, do, ---, 
dm. Then for any real number s < 0, the infinite series (1) is divergent; For any real number 


s > 0, the series (1) is convergent, and 


“i dl al 
ae leat a 


From our Theorem we may immediately deduce the following two corollaries: 


Corollary 1. Let Az be the Smarandache multiplicative sequence generated by 2 and 3, 


a 4 
Be oe 


n=1 2 (n) 


then we have the identity 


Corollary 2. Let A3 be the Smarandache multiplicative sequence generated by 3, 4 and 
5, then we have the identity 


CO 


1 13 
os (n) 20° 


a 
n=1 3 


Similarly, we can also introduce another sequence called the Smarandache additive sequence 
as follows: Let 1 < d, < dz <--- < d,» are m positive integers, then we define the Smarandache 
additive sequence D,, as: If dj, dz, --- , dm are the first m terms of the sequence D,,,, then 
dy > dx—1, for k > m +1, is the smallest number equal to a, - d; + ag: dg+----:: +Qm-+dm, 
where a; > 1 for alla =1, 2, --- , m. It is clear that this sequence has the close relationship 
with the coefficients of the power series (27 + 22 +---+ a4" <1) 


oe dy dz dm 
ais dis dm\™ © PL* Pe +a 
eee Xv —4 . 
» (x Tee + ) 1 — gti — xe we. — gdm 
n=1 


For example, the Smarandache additive sequence D2 ( generated by digits 3, 5 ) is: 
3, 5, 8, 11, 18, 14, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, ------ . 


It is an interesting problem to study the properties of the Smarandache additive sequence. 


§2. Proof of the theorem 


In this section, we shall prove our Theorem directly. First note that for any positive integer 
k >m, we have 
amy (K) = df? + dg?» dm 


m ? 


where a; > 1,71=1, 2,---, m. So for any real number s > 1, we have 


re (n) ay (i) +2 2a 2 aa ey 


ay=lag= = 
| | 
. Taos Jo “ams |* (2) 
(x dy” (x dni 
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a 


It is clear that for any real number s < 0, the series S- qa is divergent, and for any real 
gal 
ay a 
L 
number s > 0, the series S- qs is convergent, and more 
ay=1 a 
doe? ~ ge — 1 


aj=l1 % 


ae 
So from (2) we know that the series ye —— is also convergent, and 


<= Ginn) 
= ae a 
a eae 


This completes the proof of our Theorem. 
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